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PREFACE. 



The excellent treatises on Algebra, which have been 
prepared by Professor Smyth and Professor Davies, 
containing as they do the best improvements of 
Bourdon and other French writers, would seem to 
leave nothing to be desired in this department of 
mathematics. The form, however, adopted in Eng- 
lish works of instruction, of dividing the subject as 
much as possible into- separate propositions, is prob- 
ably the best adapted to the character of the English 
pupil. This form has, therefore, been adopted in 
the present treatise, while the investigation of each 
proposition has been conducted according to the 
French system of analysis. 

Great care has been taken in the choice of exam- 
ples, and free use has been made of Meier Hirsch's 
selection of problems. The principal aim has^ in- 
deed, been to communicate that mechanical dexterity 
in the use of symbols, which is so important to the 
expert algebraist, and without which great progress 
in the higher branches of the science is almost im- 
possible. 

As this work is one of a Course of Mathematics, 
all subjects have been excluded from it, which do 
not strictly come within its limits. This will ac« 
count for the omission of the indeterminate analysis^ 
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which is referred to the Theory of Jfumbers ; for 
that of the theory of combinations y which is referred 
Jto the Doctrine of Chances ; and for that of the de- 
velopment of fractions and logarithms into series, 
which is referred to the Theory of Functions. 

The polynomial theorem of Arbogast, in art. 137, 
which, in beauty and facility of application, rivals 
the binomial theorem of Newton, will probably be 
new to most readers, as it is believed never before 
to have found its way into an elementary treatise. 
No apology need be made for the length of its demon- 
stration to one, familiar with the original investiga- 
tions of Arbogast, or who reflects upon its generality 
and unavoidable intricacy; the learner will, however, 
find it less complex than it appears to be ; and, at 
any rate, he may easily become familiar with the 
use of the theorem, even if he find the demonstra- 
tion too abstruse. 

The peculiar class of equations, introduced in 
article 118, being examples 10, Jll, 12 of that arti- 
cle, will probably be as new to most readers, as they 
were to the author ; exhibiting the singular peculi- 
arity of being reduced in degree by the process of 
elimination. These examples might have been mul- 
tiplied to any extent, and are by no means acciden- 
tal in their formation. 

BENJAMIN PEIRCE. 
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ALGEBRA 



CHAPTER I. 

Fundamental Processes of Algebra, 

SECTION I. 

Definitionfl and Notation. ^ ^ 

1. Algebra, according to th« usual: definition, is 
that branch of mathematics in which the quantities 
considered are represented by the letters of the alpha- 
bet, and the operations to be performed upon them 
are indicated by signs. In this sense it would em- 
ht^ce almost the whole science of mathematics, ele- 
mentary geometry alone being excepteiJ. It is, con- 
sequently, subject in common use to some limitations, 
which will be more easily understood, when we are 
farther advanced in the science. 

2. The sign -f- is called plus or more, or the posi- 
tive sign, and placed between two quantities denotes 
that they are to be added together. 

Thus 3 -j- 5 is 3 plus or more 5, and denotes the sum of 
3 and 5. Likewise a -^ 6 is the sum of a and b, or of the 
quantities which a and b represent. 
1 
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Sigiif of Addition, Subtraction) MultipliettioQ, and Diviaoo. 

3. The sign -— is called minus or less, or the nega- 
tive sign, and placed between two quantities denotes 
that the quantity which follows it is to be subtracted 
from the one which precedes it. 

Thus 7 — 2 is 7 minus or less 2, and denotes the rjemain- 
der after subtracting 2 ft-om 7. Likewise a — 6 is the re- 
mainder after, subtracting b from a. 

4. The sign X is called the sign of multiplication, 
and placed between two quantities denotes that they 
are to be multiplied together. A point is often used 
instead of this sign, or, when the quantities to be 
multiplied together are represented by letters, the sign 
may be altogether omitted. 

Thus 3 X 5 X 7, or 3 . 5 . 7 is the continued product of 
3, 5, and 7. Likewise 12 X a X 6, or 12 . a '. 6, or 12 a 6, 
is the continued product of 12, a, and 6. 

6. The factor of a product is sometimes called its 
coefficient, and the numerical factor is called the nu- 
merical coefficient. When no coefficient is written, 
the coefficient may be considered to be unity. 

Thus in the expression 15 a b^ 15 is the numerical co- 
efficient of a 6 ; and in the expression x y, I may be regarded 
as the coefficient of x y, 

6. The continued product of a quantity multiplied 
repeatedly by itself, is called the power of the quan- 
tity ; and the number of times, which the quantity 
is taken as a factor, is called the exponent of the 
power. 

The power is expressed by writing the quantity 
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Coefficient Power. Root. 

once with the exponent to the right of the quanity, 
and a little above it. When no exponent is written, 
the exponent may be considered to be unity. 

Thus the fifth power of a if written a^, and the exponent 
of a may be regarded as 1. ^ . 

7. The root of a quantity is the quantity which, 
multiplied a certain number of times by itself, pro- 
duces the given quantity ; and the indea: of the root 
is the number of times which the root is contained as 
a factor in the given quantity. 

The sign V is called the radical sign, and when 
prefixed to a quantity indicates that its root is to be 
extracted, the index of the root being placed to the 
left of the sign and a little above it. The index 2 is 
generally omitted, and the radical sign, without any 
index, is regarded as indicating the second ot square 
root. 

Thus, /v/a or \/a is the square root of a, 

3 

/v/a is the third or cube root of a, 
Va is the fourth root of a, 
/v/a is the nth root of a. 

8. The signs -f- and : are called the signs of divis- 
ion, and either of them placed between two quantities 
denotes that the quantity which^ precedes it is to be 
divided by the one which follows it. The process of 
division is also indicated by placing the dividend over 
the divisor with a line between them. 

Thtis, a-^b, or a: b, or 7 denotes the quotient of a di- 
o 

vided by 6. 
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Signs of Equality and Inequality. Algebraic 'Quantity. 

9. The sign = is called equal io^ and placed be- 
tween two quantities denotes that they are equal to 
each other, and the expression in which this sign 
occurs is called an eqiiation. 

Thus, the equation a = 6 denotes that a is equal to 6. 

10. The sign > is called greater than, and the sign 
< is called less than ; and the expression in which 
either of these signs occurs is called an inequality. 

Thus, the inequality a> h denotes that a is greater than 
b ; and the inequality a < i denotes that a is less than h ; 
the greater quantity being always placed at the opening of 
the sign. 

11. An algebraic quantity is any quantity written 
in algebraic language. 

12. An algebraic quantity, in which the letters are 
not separated by the signs + &nd — , is called a mmifh 
mial, or a quantity Qomposed of a single term, eft sim- 
ply a ieftn. 

Thus, 3a^y — 10 aH are monomials. 

13. An algebraic expression composed of sereral 
terms, connected together by the signs + and — , is 
called a polynomial, one of two terms is called a bin 
nomial, one of three a trinomial, &c. 

Thus, a^ -{-b IB B. binomial, 

c -^ X — ^ itf a trinomial, d6C. 

14. The value of a polynomial is evidently not 
affected by changing the order of its terms. 

ThiM,4t — ft*— c-j-*' is the same as a — c — 6-f-<^, or 
a-^d — b — c, or — b -\' d -{^ a -^ c^ 6g,Q* 
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Degree, Dimenrioo, Vinculum, Bar, P^reDthesis, Similar Terms. 

16. Each literal factor of a term is called a dimen' 
sion, and the degree of a term is the numbier of its 
dimensions. 

The degree of a term is, therefore, found hy taking 
the sum of the exponents of its literal factors. 

Thus, 7 z is of one dimension, or of the first degree ; 
5 a^ 6 c is of four dimensions, or of the fourth degree, &c. 

16. A polynomial is hwnnogeneofusy when all its 
terms are of the same degree. 

Thus, 3a — 26-|-^i8 homogeneous of the first degree, 
8 a^h — 16 a^ b^ -(~ ^^ ^^ homogeneous of tfie fourth degree. 

17. A vinculum or bar ——— -, placed orer a quan- 
tity, or a parenthesis ( ) enclosing it, is used to ex* 
press that all the terms of the quantity are to be 
considered together. 

Thus, (rt + ft+^j) X ^^ is the product of a -f- 6 -[- <^ hy ef, 
V^M-y*» or \/{x^ +y*) i» the square root of x* -^y2. 
The bar is sometimes placed vertically. 

Thus, a x4.5aa ajS— 3 c t^ 

— 2b +S +4d 

-fSc —^d —1 

is the same ns 
(a_264-3c)ic+(5a»-t-3— 2rf)«* + (— 3<J+4rf— l)a:3. 

18. Similar terms are those in which the numerical 
coefficients being neglected, the literal factors arist 
identical. 

Thus,, 1 ab and — 3 a 6 are similar terms,, 
and — 5 a^ 6 3 and Z.a^ b^ are similar ; 

but 2a^ &' and %a^ b^ are not simijac. 

1* 
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Reduction of Polynomials. 

19. The terms of a polynomial which are preceded 
by the sign + are called the positive terms, and those 
which are preceded by the sign — are called the negip- 
live terms. 

When the first term is not preceded by any sign it 
is to be regarded as positive. 

20. The following rule foi reducing polynomials, 
which contain similar terms, is too obvious to require 
demonstration. 

Find the sum of the similar positive terms by add' 
ing their coefficients^ and in the scMue wayi the sum 
of their similar negative terms. The difference of 
these sums preceded hf the sigfi of the greater, w>ay 
be substituted as a single tevm for the term^ from 
which it is obtained. 

When these sums are equal, they cancel each otber^ 
and the corresponding terms are to be omitted.. ' 

^ Thus, a26 — »a6a4.8o26 + 6c— 8a26+8o6a — 
2a2 6-f-c + a62 — q^ is the same asSa^d — 2c, 

Examples. 

. 1. Reduce the polynomial 10 a* + ^ ^* + ^ ^* — ^* — 
5 a* to its simplest form. Ans. 13 a*. 

2. Reduce the polynomial Ba^b-\r 3\/a h^c -r- 7 ai -|- 
17a6 + 2V«^^c — 6a*6 — 8\/afc««— 10a6+9a*6 
to its simplest form. Ans. 8 a* 6 —7 3 \/a h^ c. 

3, Reduce the polynomial 3 « — 2 a 7/+ 3/+ 2 a 

-f 4/ — 3 a to its simplest ibroou Ans. 0. 
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Addition. 



SECTION II. 

Addition. 

21. Addition consists in finding the quantity equiv- 
alent to the aggregate or sum of several different 
quantities. 

22. Problem. To find the sum of any given quan" 
tUies. 

Solution. The following solution requires no de- 
moostration. 

The quantities to be added are to be written after 
each other with the proper sign between them, and the 
polynomial thus obtained f:an be reduced to its sim- 
plest form by art. 20. 

EXAMPLES* 

1. Find the sum of a and a. Am. 2 dr. 

2. Find the sam of 11 x and 9%. Ans. 20 x. 

3. Find the stim of 11 a; and — 9z. Ans. 2 z, 

4. Find the sum of — 1 1 x and 9 x. Ans. —2 a:. 
^ Find the sum of — 11 x and — 9x. Ans. — 20aj. 

6. Fmd the sum of a and -^ b. Ans. a— «6. 

7. Find the sum of --6/, 9/, 13/, and —8/- Ans. 8/. 

8. Find the sum of — 126, — 4 b, and 18 5. Ans. — 3 6. 

9. Find the sum of \/x"^.ax — ab, ab — \/x-|"*y> 

iiiw. 2\/J+3a»~4o6-f.4*y— «* 
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Sttbtractioii. 



10. Find the sura of 7 x* — 6 \/x+5z^ % + 3—^ 

— 2x» + 3v'*+3x3z — 1— ^ 
■ jE?^8\/x— 5x«g4-9+g^ 
, An$, 4x»+3^/i' +2+5^. 
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Subtraction. 

23. Subtraction consists in finding the difference 
between two quantities. 

24. Problem. To subtract one quantity from an-- 
other. 

Solution. Let A denote the aggregate of all the positive 
terms of the quantity to be subtracted, and B the aggregate 
of all its negative terms ; then A — B is the quantity to 
bet subtracted, and let C denote the quantity from which it 
it is to be taken. 

If il alone be taken from C, the remainder C-^ A is as 
much too small as the quantity subtracted is toa large, that 
is, as much as A Ts larger than A — B. The required re- 
mainder is, consequently, obtained by increasing C — ii by 
the excess of A above ^ — J?, that is, by B, and it is thus 
found to be C— A-^-B. 

The same result would be obtained by adding to C the 
quantity A — JB, with its signs reversed^ so as to mak» it 
— -4 -(- B. Hence, 

To subtract one quantity from atiother, chcmge the 
signs of the quantity to be subtracted from 4- to — , 
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Multiplication of Monomials. 

imd from — to +, and add it with its Mgns thus re- 
versed to the qtumtitff from wMeh it is to be tethm. 

EXAMPLES. 

1. From,. a take 6 + c. Ans. a — b — c. 

2. From a take — ^ 6. Ans. a-^-b. 

3. From 5 a take — 5 a. Ans. 10 a. 

4. From 7 a take 12 a. Ans. —5 a. 

5. From— 19a take —20a. Ans. a. 

6. From 12 take —7. Ans. 19. 

7. From — 2 take 5. Ans. — 7. 
a From— 11 take —20. Ans. 9. 

9. From3a — 176-^106 + 13a— 2a 

take 66— 8a — 6 — 2a + 3<^ + 9a— 5A. 

Ans. 15a — 326 — 3il + 5A. 

10. Reduce 32 a -f- 3 6 — (5 a -f- 17 6) to its simplest 
form, Ans. 27 a — 14 6. 

IL Reducea + *— (2a — 36) — (6a + 76) — 
( — 13a-f-26)toit8timpMlbrro. Ans. 7a — 56. 
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Multiplication. 

25. Problem. To find the continued product of seV' 
eral monomials. 

Solution, The required product is indicated by writing 
the given monomials afler each other with the sign of multi- 
plicatkMi between them, and thus a monomial is formed, 
which is the continued product of all the factors of the giren 
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Multiplication of Polynomitb. 

monomials. But as the order of the factors may be changed 
at pleasure, the numerical factors may all be united in one 
product. 

Hence the coefficient of the product of given mono- 
mials is the product of their coefficients. 

The different powers of the same letter may also be 
brought together, and since, by art 6, each exponent de- 
notes the number of times which the letter occurs as a factor 
in the corresponding term, the number of times which it 
occurs as a factor in the product must be equal to the sum of 
the exponents. 

Hence every letter which is contained in any of the 
given factors must be written in the product^ toith an 
exponent equal to the sum of ail its exponents in the 
different factors. 

EXAMPLES. 

1. Multiply a 6 by cde, Ans. abode. , 

8. Find the continued product of 3 a 6, 2 c d, and tfg. 

Ans, Qabcdefg. 

3. Multiply a* by a». Ans. a* + *. 

4. Find the continued product of 5 a^, a^^ 11 a^, and 3 a®. 

Ans. 105 a»i. 

5. Multiply 7 a3 62 by 10 a 6* c^d. Ans. 70 a* bf c^d. 

6. Find the continued product of 5a^b^, a^ 6®, and 
4 a 63 c. Ans. 20a^b^^c. 

7. Find the continued product of a^bPc9, a^b^c*, and 
a"+«6. Ans. a2»+9i«6p+r+icf+». 

26. Problem. To find the product of two polyno- 
mials. 
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Multiplication of Polynomials. 

Solution, Denote the aggregate of all the positive terms 
of one factor by A and of the other by B, and those of their 
negative terms respectively by € and D ; and, then, the fac- 
tors are ^ — C and B — D. 

Now, if ii — C is multiplied by B it is taken as many 
times too often as there are units in i> ; so that the required 
product must be the product. of A — Cby B, diminished 
by the product of ^ — Cby D ; that is, 

(A — C){B~ 2>) = (A — C)B — {A — C) D. 

Again, by similar reasoning, the product of ^ '-^ C by ^, 
that b, of JB by ^ — C, must be 

{A — C)B==:AB-'BC, 

and that of (^ — C) by D must be 

{A — C)D=:AD — CD; 
and, therefore, the required product is, by art. 24, 

(A — C) {B—D) = AB — BC—AD + CD. 

The positive terms of this product, AB and CD, are ob- 
tained from the product of the positive terms A and JB, or 
from that of the negative terms — C and — D ; but the 
negative terms of the product, as — BC and — AD, are 
obtained from the product of the negative term of one factor 
by the positive term of the other, as — C by 5 or — Dby A. 
Hence, 

The produtt of two polynomials is obtained by muJr 
tiplying each term of one factor by each term of the 
other ^ as in art. 25, and the product of two terms 
which have the same sign is to be affected toith the 
sign +> while the product of two terms which have 
contrary signs is to be affected by the sign — . 
The result is to be reduced as in art. 20. 
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MuhipUcatioii of Polynomials. 

EXAMPLES. 

1. Multiply x» + y2 by 2 -4- y. 

2. Multiply x^ -|- xy® + 7aa: by ax + Saz. 

iln5, 6 a x6 -|- 6 a 22 y 5 + 42 a2 2*. 

3. Multiply — a by 6. -4»5. — ab. 

4. Multiply a by — b. Ans. — a 6. 

5. Multiply — a by — 6. Ans. a b. 

6. Multiply — 3 a by 14 c. Ans. — 42 « c. 

7. Multiply — 6 a» 62 by — II tf 63 c. 

iiii5. 66 a* 66c. 

8. Find the continued product of — a, — a, — a, and 
— a, Ans, a*. 

9. Find the continued product of — a*6, e^e, — aj-r-e^z^, 
c, — 2 a 2, — 3a6e2, — 7, and 6^ z^. 

Ans. 42 a^ 6^ c^ e^ x^. 

10. Find the continued product of 7 a 6 x, — az, — x, 
h2x7,^2b,—S, and— 5(1^63x5. 

Ans. — 210 a9 67x15. 

11. Multiply a -|- 6 by c +. rf. 

Ans. ac-^-ad-^-bc-^-bd. 

12. 'Multiply a3 ^ ft2 _ c by a2 — 63. 

Ans. a^ — a3 ^3 ^ ^2 ^2 _ ^2^ — 6^ + 63c. 

13. Multiply a-4-6 + cbya + 6 — c. 

Ans. a2-|-2a6 + 62 — c2. 

14. Multiply x2 — 3 X — 7 by x — 2. 

Ans. x3 — 5x2 — 2 -f- 14. 

15. Multiply a2 ^ a* -f- a^ by a^ — 1. Ans. a^ — a^. 

16. Multiply 8 a» 63 -f- 36 a^ 6* + 54 a^ 6^ -f 27 a^ b^ 
by 8 a» 63 — 36 a^ 6* + 54 a'' 6^ — 27<i^ 6^. 

Ans. 64 ai8 ^e _ 432 aie 58 ^ 972 aW 510 _ 739 ^12 512, 
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Product of Sum and Diffbreace ; of Homogeneous Quantities. 

17. Find the continued product of 3x-|-2y, 2x — 3y, 
— 2 + y, and — 2 x — y, 

Ans. 12x* — 1623y_i322y2^11a;y3^6y*. 

18. Multiply a + ft by a — 6. Ans. a^ — b^. 

19. Multiply 2 a^aj -f 7 a^ x^ by 2 a^z — 7 a^ x^. 

Ans. 4 a6 aj2 _ 49 a* x^^. 

27. Corollary. The continiied product of several 
moiiomials is, as in examples 8 and 9, positive, when 
the number of negative factors is even ; and it is nega- 
tive, as in example 10, when the number of* negative 
factors is odd. 

28. Corollary, The product of the sum of two 
numbers by their difference is, as in examples 18 and 
19, equal to the difference of their squares, 

29. Theorem. The product of homogeneous poly- 
nomials is also homogeneous, and the degree of the 
product is equal to the sum of the degrees of the fac- 
tors. 

Demonstration. For the number of factors in each term 
of the product is equal to the sum of the numbers of factors 
in all the terms from which it is obtained ; and, therefore, 
bj art. 15> the degree of each term of the product is equal 
to the sum of the degrees of the factors. Thus, in example 
16, the degree of ^ach factor is 12, and that of the product -- 
is 12 + 12 or 24. * 
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Division of Monomials. 

SECTION V. 
DiyisioD. 

30. Problem, To divide one monomial by another. 

Solution. Since the dividend is the product of the divisor 
and quotient, the quotient must be obtained by suppressing 
in the dividend all the factors of the divisor which are con- 
taine(! in the dividend, and simply indicating the division 
with regard to the remaining factors of the divisor. Hence, 
from art. 25, 

Suppress the greatest common factbr of the numeri- 
cal coefficients. 

Retain each letter of the divisor or dividend in the 
term in which it has the greatest exponent^ and sup- 
press it in the other term; and give it an exponent 
equ^l to the difference of its exponents in the two 
terms. But when a letter occurs in only one term,^ 
it is to be retained ifi that term, with its exponent un- 
changed* 

The required quotient is, then, equal to the quotient 
of the remaining portion of the dividend divided by 
that of the divisor, and m^y be indicated as in art. 8 ; 
or, when the divisor is reduced to unity, the quotient 
is simply equal to the remaining portion of the divi- 
dend. 

The sign of the quotient must^ from art 26, be the same 
as that of the divisor when the dividend is positive, and it 
must be the reverse of that of the divisor when the dividend 
is negative ; whence we readily obtain the rule. 
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Division of Monomials. 

When the divisor and dividend are both affected by 
the same sign, the quotient is positive; but when they 
are affected by contrary signs, the quotient is nega- 
tive. 

The rule for the signs in both division and multiplication 
may be expressed still more concisely as follows. 

Like signs give -|- ; unlike signs give — . 



EXAMPLES. 

1. Divide 65 a 6 by 6 a. Ans, — r— = 13 6. 

2. Divide — 132 a^ b^c by 11 a^ b^. Ans. — 12 a^c. 

3. Divide 144 a b^ c^ d^e by — 112 a 6*c e^A. 

9cd^ 



Ans, 



Ibe^h 
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4. Divide — 135 by — 5 a. Ans, — . 

a 

5. Divide 7 a^ x^ by 21 a^ x^. Ans. ^--. 

6. Divide a*" by a». Ans. a"— ». 

7. Divide — 3 rt* 6» by — ^aP b9 c^. Ans. . 

8. Divide a by — a. Ans I. 

9. Divide — a by a. Ans. — 1. 
10. Divide — a by — a. Ans. 1 . 

31. Corollary. If the rule for the exponents is applied to 
the case in which the exponent of a letter in the dividend is 
equal to its exponent in the divisor, when, for instance, a*» 
is to be divided by a"*, the exponent of the letter in the quo- 
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Exponent equal to Zero, Negative Exponents. 

iient becomes zero. But the quotient of a quantity divided 
by itself is unity. 

Whence any quantity with an exponent equal to 
zero is unity. 

Thu9» o*-^ a"*cpa^Bw 1. 

32. Corollary, When, in example 6 of art. 30, the expo- 
nent n of a in the divisor is greater than its exponent m in 
the dividend, the exponent m — > n in the quotient is negative ; 
and a negative exponent is thus substituted for the usual frac- 
tional form (>f the quotient. 

Thus, if m is zero, we have 

a** -f- a" :=: l-^- a" := — = a""", 
a* 

In the same way we should have 

a fta c3 -1- a5 b^ c^d=a^ b^ c^-i-a^ b^ c^ d^ = a-^c-s^- 1 

Any quotient of monomials may thus be expressed 
by means of negative exponents without using frac- 
tional forms. 

EXAMPLES. 

1. Divide 6 a^ 63 c^d by 15 ab^c^d^ c^. - 

Arts. 3-ia36~»rf-2e-at^ 

2. Divide 6 0^6 hy^ab'^. 

Ans, f a»6-6_2.3"-ia66-6. 

3. Divide I by SaHft. 

4. Divide 3 by a. ' Ans. Za-\ 

33. Corollary, Quantities, thus expressed by means 
of fractional exponents, may be used in all calcula- 



CH. I. <^ v.] * DIVISION. 17 

Division of Polynomials. 

tions, and may be added, subtracted, multiplied, or 
divided by the rules akeady given, the signs being 
carefully attended to. 

EXAMPLES. 

1. Findthesumof 7a-3+9fl«6-^— 6a6-V, -^a-3, 

2. Reduce the polynomial 9a — 36 — 2^4 — 751,— 3^ 
(18a-3 6— 5a»6'»+c* — 3.25) — (3a»6«— a-3ft-2c4 

4- 3 c* — 5 . 2^) to its simplest form. 

Ans. 10(i-3 6-2^4^11a-36—8a»6«— 2^^ + 2.25. 

3. Multiply a — ** by a\ Ans, a— '»+»=a*""'". 

4. Multiply a« by a—". Ans, a*"""". 

5. Multiply a""*" by a—\ Ans, a— *» — » = a — (**+*). 

6. Find the continued product of 11 a — 2, — 2 a— ^ 4a^, 
and|— 9a7. Ans. 79^ cfi. 

7. Find the continued product of 2 a— 3, 7 a— ^ and 

42 

— 3ae. Ans. — 42a-« = ^ 

ao 

8. Find the continued product of 6 o^ 6 -*, 10 a^ b^ c, and 

— 3a7. Ans,— 150 a^^ be. 

9. Multiply — 13a-i 6 c-3 by— 4a-3 6-«c2. 

Ans.^Qa-^b-'^c-'K 

•10. Diride a"** by a*. Ans, a — "— » = a — (*»'+«). 

11. Divide a" by —». iliw. a«»+'». 

12. Divide a — "* by a—*. Ans, a — " + » = a* — *. 

13. Divide Ua-^bc^d-^e by 2ab-^c^dh. 

Ans. 7a-»64c~2^-.9^i-i, 

14. Divide —3a« by 2a"» + »6c-^ 

Ans. — Ja— »6— ^c. 
2* 
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Divisioo of Polyoomialf . 

34. Problem. To divide one polynomial by an- 
other. 

Solution. The term of the dividend, which contains the * 
highest power of any letter, must be the product of the term 
of the divisor which contains the highest power of the same 
letter, multiplied by the term of the quotient which contains 
the highest power of the same tetter. 

A term of the quotient is consequently obtained by 
dividing, as in art, 30, the term of the dividend which 
contains the highest power of any letter by that term 
of the divisor which contains the highest power of the 
same letter. 

But the dividend is the sum of the products of the divisor 
by each term of the quotient ; and, therefore, 

If the product of the divisor by the term just fov/nd 
is subtracted from the dividend, the remainder musi 
be equal to the sum of the ptoducts of the divisor by 
the remaining terms of the quotient, and may be used 
as anew dividend to obtain another term of the quo- 
tient. 

By pursuing this process until the dividend is en- 
tirely exhausted, all the terms of the quotient may be 
obtained. 

It facilitates the application of this method to ar- 
range the terms of the dividend and divisor according 
to the powers of some tetter, the term which contains 
the highest power being placed first, that which con- 
tains the next to the highest power being placed next^ 
and so on. 
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Division of Polynomials. 

EXAMPLES. 

I. Divide — 16a3a;^ + a6 -^64x6 by 4x2 + 02 — 4 ax. 

Solution. In the following solution the dividend and divisor 
are arranged according to the powers of the letter x ; the 
divisor is placed at the right of the dividend with the quotient 
below it. 

As each term of the quotient' is obtained, its product by 
the divisor is placed below the dividend or remainder from 
which it is obtained, and is subtracted from this dividend or 
remainder. 

64x6-^16a3x3 + a6 ^x^ — 4:aX'^a^z=^ Divisor. 
64x6— 64«x5+16a2x4 16x4+ 16ax3 + 12a2x2+4a32+a* 



64 ax* — 16a2x* — 16a3x3 +a« = 4 st Remainder. 
64ax5 — 64a2x* + 16a3x3 

48a2 X* — 32 a3 x^ + a^ = 2d Remainder. 
48a2x*— 48a3x3 + 12a*x2 

l6 a3 x3 — 12 a* x2 -|- a^ = 3d Remainder. 
16a3 x3 — 16a* x2 -f 4a6x 

4 a* x2 — 4 a^x -|- a^- = 4th Remainder. 

4a*x2 — 4a*x-(-a6 



0. 

Ans. 16x* + 16ax3 + 12a2x2-j-4a3x + a*. 

2. Divide 6 c^ — c^x by c^. Ans. b — x. 

3. Divide a2-f 2aft + 62by a + 6. Ans, a'\-h. 

4. Divide — aH^ + 15 a ^ 6^ _ 43 a\^ W — 20 a^^ 6? by 
10a9 62_a6 6. Ans. a^ b^ —Sa^ h^ —2a^ h^. 

'6. Divide 1 — 18z2+8l2:* by 1 + 6^ + 922. 

, Ans. 1— 62 + 9za. 
6. Divide 81 a^ + 16 b^^ — 72 a* b^ by 9 a* + 12 «» b^ 
+ 46«. -Aiw. 9a* — 13 02634. 4 6ft. 
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Division of Polynomials. 

7. Divide a:6*— Sx^myS* ^3x2~y*» — y«» by x3"» — 
3a;9«y«+3x"»y2n y3« 

Ans. xam-j-Saja^yW-^Sx^ya' + ^^a*, 

8. Divide — I -{- a^ n^ by — l + ^l*- 

Ans, 1 -(- a n "4- a^ n2^ 

9. Divide 2a* — 13 a^ 6 -|- 31 a2 fca _ 38 a 63 +24 6* 
by 2a2_3a6 + 462. ^ns. a^— 5a6 + 662. 

10. Divide a^ — b^ by a— 6. -4n5. a + 6* 

11. Divide a^ — b^ by a— 6. iln5. a2 + a6 + 62. 

12. Divide a* — 6* by a — 6. 

Ans. a^ + a^b + ab^ + b\ 

13. Divide a^ — 6^ by a — 6. 

Ans. a* + a3 6 + a2 62 + a63 + 6*. 

36. Corollary. The quotient can be obtaified with 
equal facility by using the terms which contain the 
lowest powers of a letter instead oftho3e which contain 
ihe highest powers. 

In this case, it is more convenient to place the term 
containing the lowest power first j and that containing 
the next lowest next, and so on. 

This order of terms is called an arrangement ac- 
cording to the ascending powers of the letter ; whereas 
that of the preceding article is called an arrangement 
according to the descending powers of the letter. 

36. Corollary. Negative powers are considered to 
be lower tlian positive powers, or than the power 
zero, and the larger the absolute value of the expo- 
nent the lower the power. 

Thus, flS 2^6 a42-3 «^ 1,3 + a-lx + ^-2 x^^ 

is arranged according to the ascending powers of x, and ac- 
cording to the descending powers of a. 
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DivisioQ of Polynomials. 



EXAMPLES. 

1. Divide a*-f a^ — ar-2 — ar-^ by a^ — ar-^.' 

Ans. a2 + 1 -}- flr-2. 

2. Divide 4a46-6^12a36-5 4-9«26-* — 6-2 -|.2a-2 
— 0-452 by 2 a2 6-3 -f 3 a 6-2 _ 6-1^0-25. 

^»5. 2 a2 6-3 -|. 3 a 6-2 -I- 6-1 — a-26. 

36. In the course of algebraic investigations, it is 
often convenient to separate a quantity into its fac- 
tors. Tliis is done, when one of the factors is 
known, by dividing by the known factor, 'and the 
quotient is the other factor. 

And when a letter occurs as a factor of all the terms 
of a quantity, it is a factor of the quantity, and may 
be taken out as a factor, with an exponent equal to 
the lowest exponent which it has in any term, and 
indeed by means of negative exponents any mono- 
mial niay be taken out as a fsictor of a quantity. 



EXAMPLES. 

1. Take out 3a26 as a factor of I5a^ b^ + 6a^b + 
9a262-|-3a25. Ans. 3a26 (5a36 + 2a + 36+ 1). 

2. Take out a« as a factor of 3 a"+i + 2 a« . 

Ans: a«(3a + 2). 

3. Take out 2 as 65c as a factor of 6a^ f c^ +6ab^c 
— 2a6 + 2 — a2c. 

Ans, 2a3 65c (3 a3 62c + 3 0-253^0-26-4^-1 -J. 
0-3 6-5^-1 — 2— 1 o-i $-5 ^ 

4. Take out 6 as a factor of* a»-i 6 — 6«. 

Ans. 6(a*~i — 6»-i). 
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Difference of two Powers divisible by Difference of their Roots. 

37. Theorem. The difference of two integral posi- 
tive powers of the same degree is divisible by the 
difference of their roots. 

Thus, a* — 6* is divisible by a — 6. 

Demonstration* Divide a* — 6* by a — 6, as in art. 34, 
proceeding only to the first remainder, as follows. 



a« — 6« 



a — b 



a»- 



1st Remainder = a*— ^b — 6* ; 
or as in example 4, of art. 36. 

1st Remainder = a!^-^b — 6« =2 6(a»-i — ft^-i). 
Now, if the factor a«— ^ — 6«— 1 of this remainder is di- 
visible by a — b, the remainder itself is divisible by a — b, 
and therefore a*— 6» is also divisible by a — 6; that is, if the 
proposition is true for any power as the (n — l)st, it also 
holds for the. nth, or the next greater. 

But from examples, 10, 11, 12, 13 of art. 34, the proposi- 
tion holds for the 2d, 3d, 4th, and 5th ; and therefore it must 
be true for the 6th, 7th, 8th, &c. powers ; that is, for any 
positive integral power. 

^ 38. There are sometimes two or more terms in the 
divisor, or in the dividend, or in both, which contain 
the same highest power of the letter according to 
which the terms are arranged. 

In this case, these terms are to be united in one by 
taking, out their com/man factor ; and the compound 
terms thus formed are to be used as simple ones. It 
is more convenient to arrange the terms which contain 
the same power of the letter in a column under each 
other, the vertical bar being used as in art. 17 j and 
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Division of Polynomials. 



to arrange the terms in the vertical columns according 
to the powers of some letter common to thetn. 



EXAMPLES. 



1. Divide a^ x^ — b^ x^ — 4abx2 — 2 a^a: -f- 2 a 6 x -|- 
a2 — ^2 by ax — b X — a — 6. 



Solution. 



— 62 

a^ 

— *2 



x3 — 4abx^ — 2a2 
+ 2a6 



x^ — a2 

— 2ab 

— 62 



a; + a2 
— 62 



aix — a 
\—b\ —6 



,+ 6| -6 



X — a 



1st Rem. 



a2 

-2a6 

+ 62 

a2 

-2ii6 

+ 62 



2;2 _2 a2 

+2a6 


i» — a2 
+ 62 



2; + a2 
— 62 



2d Rem. 



+ 2a6 

— 62 

— a2 

+ 2a6 

— 62 



— 62 



x + a2 
— 62 



3d Rem. 0. 

Ans, (a + 6)a;2 + (a_6)a;_(a_6). 

2. Divide(66— 10)a* — (762— 236 + 20)a3— (363 
—2262+316 — 5) a2 + (463— 962+66— 5) a + 62 
—26 by (3 6 — 5) a + 62— 2 6. 

-4»s. 2a3 — (36— 4)a2 + (46— l)a+l. 
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Division of Polynomials. 



3. Di?ide —a^^{b9—2c^)a^ + {b^—c^)a^ + {b^'{^ 
2^*02+^2^4.) by a2— *2 — c2. 

AnS. — a*— (2ft2_c2)«2_ft4_J2c2. 



4. Dinde y^us — 3^4 

— y I — 3y3 
+3y2 

+3y 



**— y» 


is+3y8 


--lOy* 


— 3y» 


-- 3y3 


— 9y* 


— lOya 


— 3y» 


- 2y 


+6y» 



12 



by y 



x2— 3y 
— 3 



I — ya 

+ 3y 

+2 

y4«s. y2|i» — 3y3|x2. 
— y| +3y2| 
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Terms of a fraction may be multiplied or divided by the same quantity. 

CHAPTER IL 

Fractions and Proportions. 



SECTION I. 

Reduction of Fractions. 

39. When a quotient is expressed by placing the 
dividend over the divisor with a line between them, 
it is called a, fraction ; its dividend is called the nu- 
merator of the fraction, and its divisor xhe denominator 
of the fraction ; and the numerator and denominator 
of a fraction are called the terms of the fraction. 

. When a quotient is expressed by the sign ( : ) it' is 
called a ratio; its dividend is called the mitecedent of 
the ratio, and its divisor the consequent of the ratio ; 
and the antecedent and consequent of a ratio are 
called the terms of the ratid. 

40. Theorem. The value of a fraction, or of a ratio ^ 
is not changed by multiplying or dividing both its 
term,s by the same qu>aniity. 

Demonstration. For dividing both these terms by a quan- 
tity is the same as striking out a factor common to the two 
terms of a quotient, which, as is evident from art. 30,' does 
not affect the value of the quotient. Also multiplying both 
terms by a quantity is only the reverse of the preceding 
process, and cannot therefore change the value of the frac- 
tion or ratio. 

3 
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Greatest Common Divisor. 

41. The terms of a fraction can often be simplified 
bjr dividing them by a common factor or divisor. 
But when they have no. common divisor, the fraction 
is said to be m its lowest terms. 

A fraction is, consequently, reduced to its lowest 
terms, by dividing its terms by their greatest common 
factor or divisor. 

42. 7%c greatest convmon divisor of two monomials 
is equal to the product of the greatest common divi- 
sor -of their coefficients by that of their literal factors, 
which last is readily found by inspection. 



EXAMPLES. 

1. Find .the greatest common divisor o( 75 a^ b^ cd^^z^ 
and 60 a^ c^ rf" x^. Arts. 25 a* c d^^ x^. 

121 a b^ c^ d^ x^ n^ 

2. Reduce the fraction ,,^ ^ ., ^ ,, f to its lowest 

l^a^b^c^d^x^y 

terms. lldx^y^ 

Ans, --jr — , , - . 
12 a^ 63 c 

17 a^ b 

3. Reduce the fraction -- — r- to its lowest terms. 

61 ab^ 



Ans, 



36*' 



43. Lemma. The greatest common divisor of two 
quantities is the same with the greatest common di- 
visor of the least of them, and of their remainder 
after division. 

'demonstration. Let the greatest of the two quantities be 
A, and the least B ; let the entire part of their quotient after 
division i>e Q, and the remainder R ; «nd let the greatest 
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Gi«tteit Common Divisor. 

common divisor of ^ and BhtD\ and that of B and R be 
£. We are to prore that 

!> = £;. 

Now since R is the remainder of the difision of A by B, 
we have ^ 

R = A — B.Cl\ 

and, consequently, 1>, which is a divisor of ^ and B^ must 
divide R ; that is, D is a common divisor of B and J?, and 
cannot therefb'e be greater than their greatest oommcm di- 
visor JB. 
. Again, we have 

and, consequently, iE7, which is a divisor of B and JR, must 
divide A ; that is, £ is a common divisor of J. and jB, and 
cannot therefore be greater than their greatest common di* 
visor 2>. 

2> and £, then, are two quantities such that neither is 
greater than the other ; and must therefore be equal. 

44. Problem, To find the greatest common divisor 
of any two quantities. 

Solution. Divide the greater quantity by the less, 
and the remainder, which is less than either of the 
given quantities, is, by the preceding article, divisible 
by the greatest common divisor. ' 

In the same way, from this remainder and the 
divisor a still smaller rem>ainder can be found, which 
is divisible by the greatest common divisor ; and, by 
continuing this process with each remainder and its 
corresponding divisor, quantities smaller and smaller 
are found, which are all divisible by the greatest 
comm>on divisor, until at length the common divisor 
itself must be attained. 
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Grettest Common Divisor. 

The greatest common divisor, when attained, is at 
once recognised from the fact, that the preceding di- 
visor is exactly divisible by it without any remainder. 

The qaantity thus obtained, mast be the greatest common 
divisor required ; for, from the preceding article, the greatest 
. commt>n divisor of each remainder and its divisor is the 
same vrith that of the divisor and its dividend, that is, of the 
preceding remainder and its divisor ; hence, it is the same 
with that of any divisor and its dividend, or with that of the 
given quantities. 

46. Corollary. When the remainders decrease to 
unity, the given quantities have no common ditisor, 
and are said to be incommensurable or prime to each 
other. 

EXAMPLES. 

1. Find the greatest common divisor of 1825 and 1995. 

Solution, 

1995 11825 







1825 1 


1825 170, 1st Rem. 


1700 10 


170 


125, 2d Rem. 


125 


1 


125 


45, 3d Rem. 


90 


2 


45 35, 4th Rem. 


35 1 


35 10, 5th Rem. 


30 3 


10 5, 6th Rem. 


10 2" 


Ans. 


5. 


V 
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Greatest Common DiriaoK, 

2. Find the great^t comoion divisor of 19212 and 1851. 

An&. 3. 

3. Find the greatest common divisor of 1221 and 333. 

Ans. 111. 

46. The above rule requires some modification in 
its application to polynomials. 

Thus it frequently ha^^ns in the successive divisions, 
that the term of the dividend, from which the term of the 
quotient is to be obtained, is not divisible by the correspond- 
ing term of the divisor. This, sometimes, arises from a 
monomial factor of the divisor which is prime to the divi- 
dend, and which may be suppressed. 

For, since the greatest common divisor of two quantities is 
only the product of their common factors, it is not affected 
by any factor of the one quantity which is prime to the other. 

Hence any monomial factor of either dividend or its 
divisor is to be suppressed which is prime to' the other 
of these ttbo quantities ^ and when there is such a factor 
it is readily obtained by inspection. 

But if, afler this reduction, the first term of the dividend, 
when arranged according to the powers of some letter, is 
still not divisible by the first term of the divisor similarly 
arranged; it follow^ from the preceding reasoning that it 
can lead to no error to 

Multiply the dividend by some monomial factor 
which will render its frst term divisible by the first 
term of the divisor ^ and which is prime to the re- 
duced divisor. Such a factor can always be obtained 
by simple inspection. 

When the given quantities have any common monO" 
3* 
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Ore«tef( Common DiTitor. 

mial factor it is easily obtained from inspectiony and 
it should he suppressed at firsts and afterward multi- 
plied by the greatest common divisor of the remaining 
polynomials. 

SiQce any quantity which is divisible by A is also di- 
visible by — A; and any quantity which is divisible by — A 
is also divisible by A, 

All the signs of any divisor may be reversed at 
pleasufe^ 

EXAMPLES. 

J. Find the greatest common divisor of 21 a^ hx'' ^ 
21a*6x6 — 168a7 6a;3 and Ha^b^ cx^ — l^a^b^ cz^ -{^ 
28 a* 63 1; a;2 _42 ^5 53 c 2— 140a« 63 c. 

Solution. Since 7a^b is a monomial factor of the two 
given X quantities, suppress it^ and they become 
3ax7— 3a2z6_24a5 23. 
262ci4_2a62ca:3 + 4a262(;22— 6a3 62c2_20a*62«. 

The first of the Quantities thus reduced has the factor 
3ax3, which is prime to the second quantity, and the 'second 
quantity has t)ie factor 26^ c, which is prime to the first. 
By the suppression of these factors the given quantities be- 
come 

2* — ax^ — 8 a*. 

xi _ a 23 -f 2 a2 x2 — 3 «» X — 10 a*. 

Divide the second of these quantities by the first as (bl> 
lows. 



24_ax3-f.2a2 22— 3a3a; — lOa* 
2* — a23 — 8a* 



c* — a2»— 8a* 



1st Rem. 2aa22— 3a32— 2aV 
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'Greatest Common Divisor. 



This remainder, by the suppression of its factor, a', be- 
comes 

2x3— 3ax — 2a2, 

which is to be used as the new divisor, and the former divi- 
sor as the dividend. 

But as the-first term of this new dividend is not divisible 
by the first term of its divisor, the dividend is to be multiplied 
by 2, and tben divided by the divisor as follows, 
x* — ax^ — 8a* 
2^ 

ax3^2a2a;a — ig^^ which is to be multiplied by 2 to 
2 render its first term divisible by 
that of the divisor. 
2ax3+4a2x2— 32a^ 
2ax3 — Sa^z^—2a^x 

7a^x^'{-2a^x — 32aS which is to be multiplied by 2 

2 to render its first term divisible 

by that of the divisor. 

14a2x2 + 4a3x— 64a* 

Ua^x^— 21 a^x—Ua^ 



25a3x — 50 a*, 2d Rem. 

T,his remainder, by the suppression of its factor 25 a^ be- 
comes 

X — 2 a, 

by which the preceding divisor is to be divided as follows ; 



2x» — 3ax — 2a» 
2x« — 4 ax 



X — 2a 
2x4-a 



ax — 2a^ 
ax — 2a^ 

0, 
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Greatest CommoB DiTieor. 

whence 7 a^ 6 (x — 3 a) is the required common diriflor. 

Ans. 7a^b{x — 2a). 

2. Find the greatest common difisor of x^ — a^ and 
X* — a*. Ans. z^^'a. 

'3. Find the greatest common difisor of 5 a° — 10 a^ 6 -|- 
1668 and 3a» + 6a26 + 6a6»-f 36». Ans. a + b. 

4. Find the greatest common ditisor of x* -|- x» + ^* 
+ a;_4 and x* +2x8 -f 3x2+4 x — 10. Ans. x— 1. 

5. Find the greatest common difisof of'7ax^ +21 ax^ 
+ 14ax and 3x«+3x5 + 3x* — 3x». Ans. x^ + x. 

6. Find the greatest common divisor of 6a2x3+21 a^x* 
—27 a* and 4x* +5a3 x2+21 a^x. Ans. 2x+3a. 

47. When there are several terms ifi the given 
polynomials^ which contain the same power x^f the 
letter according to which the terms are arranged^ 
these terms are to be united in one, as in art. 38, and 
the compound terms thus formed are to be treated as 
monomials. 

EXAMPLES. 

1. Find the greatest common divisor of 



— 9x 4- 2x8 

— 18x \ 
and 


y*— 3x* y«+ 2z* 
4.27xa —18x3 


4.3z — 7x» 
+ 6x 


y8_ 4j;8 y8J_ 4a;3 

— 12za -fl2x« 



Solution. The factor (x^ + 3 x) y is a common factor of 
all the terms, and is therefore to be suppressed, in order to be 
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Greatest Common Divisor. 



multiplied by the greatest common divisor of the remaining 
polynomials. The polynomials thus become 



X I y4_2a;2 
— 3| +Sx 
— 6 



+ 9x I —6x 



and 



y^—Sx\y^^ixy + Ax. 



The suppression of the factor {x — 3) y in the first of 
these polynomials reduces it to 

y3_2x \y2^2xy + 2x, 
+ ^ \ 
by which the second is to be divided as follows : 



y3_3a: 



y3 — 2x 

+2 



y2_3xy+2x 



y3_2x 



y^—Zxy^ix 



1 



Ist Rem. — a:y2 — xy-j-2a; 
The suppression of — x in this remamder reduces it to 

y2+y_2, 

by which the preceding divisor is to be divided as follows : 



y3_2;i;|ya — 3xy + 2x 
y3 4,y2_2y 



y — 2x 



_22 I y2 — 3x y+2x 
+1 I +2 I 



— 2x I y» — 2x 
+ 1 I +1 



2d Rem. 



— x 



— 2 



y — 2x 
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Grettest Common Divisor. 



The sappressiori of — 2 -f- 1 in this remainder reduces 
it to 

y + 2, 

by which the preceding divisor is to be divided aa follows : 



y'+y-2 


y + 2 
y-i 


-y-2 

-y-2 





and therefore the greatest common divisor is the product of 
(x« + 3x)y byy + 2. Ans. (a;^ + 3 x) (y» + 2 y). 

2. Find the greatest common divisor of the polynomials 
a^^b^^c^^^ab + 2ac + 2bc and a^ — b^—c^ — 
26c. Ans. a-|-6-|-^- 

3. Find the greatest common divisor of the polynomials 

.a4_262ia3 + 6* and a^ + Bba^ + Zb^ a-^-bK 

_3c» —2b^c^ — c2 _6c». 

Ans. aa+2a64-^« — c^. 

4. Find the greatest common divisor of the polynomials 



-l| +3 I +3x 
—2 



-X I 4-xH 



and 



ya_x3|y. 



-l| +3 I +2x2 

X 

— 2 

Ans, y(y — l){x—l). 



48. Problem. To reduce fractions to a common 
denominator. 

Solution. Multiply both terms of each fraction by 
the product of all the other denominators. 
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Commoo Denominator. 

For the value of each fraction is, from art 40, not changed 
by this process ; and as each of the denominators thus ob- 
tained is the product of all the denominators, the fractions 
are all reduced to the same denominator. 

49. But fractions can be reduced to a common denomi- 
nator which is smaller than their continued- product, when- 
ever their denominators have a common multiple lesa than 
this product. For, by art. 40, 

Fractions may be reduced to a common denomtna" 
tor, which is a com/mon multiple of their denom,inatorSy 
by m,ultiplying both their terms by the quotients re- 
spectively obtained from the dii^sion of the common 
denominator by their denominators, 

50. Corollary. An entire quantity may, by the pre- 
ceding article, be reduced to an equivalent fractional 
expression hiJiving any required denominator, by re- 
garding it as a fraction, the denominator of which is 
unity. 



EXAMPLES. 



3 2 5 

1. Reduce 2, ^, ^, to the common denominator 24. 



8' 3' 6' 



9 16 20 
'*'*'• 24' 24' 24* 



2. Reduce —— r, -^r-— , 8 a, -2 — r to the common denc^ 
c2rf' 2c2' ' Acd 



minator 4c^d. 



4a^b 6ed dfHac^d ^ac 
• ~ic^' 4€^d' 4c^d ' 4c^(f 
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Common DeDomioator. 

3. Reduce — - — r, 1, — r-r, ^ .^ to the common 
a — b ' a+ 6. a« — b^ 

denominator a^ — 6*. 

a^'+2ab+b^ a^ — b^ a — b c -f rf 



illt5. 



a3_62 ' a2_62' aa— 63' a^— A^' 



61. Problem, To find the least common multiple of 
given qtiantities. 

Solution. When the ^ven quantities are decom- 
posed into their simplest factors, as is the case with 
monomialsj their lea^t common multiple is readily 
obtained ; for it is obviously equal to the product of 
ail the unlike factors, each factor being raised to a 
power equal to the highest power which it has in 
either of the given quantities. 

But the common factors can always be obtained 
from the process of finding the greatest common 
divisor. 

EXAMPLES. 

1. Find the least common multiple of 2a^b^cx, 3a^ 
bc^x^, 6a ex SB 2. 3a cz, 9c'' x^^ = 3^ c^ xio, '24 a« = 

23.3a«. 

Arts. 23 . 3» . a« 62 c7 xio ^ 72 aS 6^ c^ xi». 

2. Find the least common multiple of 16 a x, 40 6^ Xr 
25 a7 63 x2. Ans, 400 a^ 6* x*. 

3. Find the least common multiple of x*, x*— ^, x»— ^, 
x*—^, ,x. Ans. x*. 

4. Find the least common multiple of 6 (a -f- 6) ^ > 
54(fl— 6)3, {a+by, 81(a— 6)3x«+2, 8(a+6)'» x*-8. 

Arts. 648 (a 4. by (a — 6)3 x*+3. 
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Sum and Difference of Fractions. 
6. Find the least common multii^e of a* + ^ *" ^ H" ^*» 
_ a 6a — 6». -4ns. (a -f 6)* (a — 6) (a + 2 6)3. 



SECTION II. 
Addition and Subtraction of Fractions. 

52. Problem. To find the sum or diferefice of 
given fractions. 

Solution. When the given fractions have the same 
denominator^ their sum or difference is a fraction 
which has for its denominator the given common 
denominator^ and for its num>eraior the sum or the 
difference of the given numerators. 

When the given fractions have different denomi- 
nators, they are to be reduced to a common denomina- 
tor by arts. 48 and 49. 

EXAMPLES^ 



a c £ 

1. Find the sum of -, -, and — -v 

o a - f 

>l«c ^df-^bcf—bde 
'*"^- bdf • 

2. Subtract -=- from -. Ans. — ^, — . 

o a b a 

3. Find the sum of ^ ~ and ~ . Ans. a. 

4. Subtract — - — from ^ ■ Ans. 6. 

4 
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Sum and Difference of Fractiona. 

5. Reduce to one fraction the expression t + ^• 

M a + hc 

6. Reduce to one fraction ^^ + gp^ — g^g ^2' 

I6abc + l5cdf—4.beg 
^^^' 24 62 c3 

7. Reduce to one fraction JS " ^* 

ax2 — 6a;-f 1 
Ans. z — '—' 

8. Reduce to one fraction . + r- 

a -^- 2 a — z 



Ans. — = =-• 

a' — z' 

9. Reduce to one fraction 

3 , 3 1 ' _ 1—^ 

4(l-x)» + 8(T=^x') ■*" 8(1 +x) 4(l+«2)- 

l + x + x" 

10. Reduce to one fraction 

3A , 2h + x __ 5 

(A — 2z)»'^(A+a;)(A— 2i) A + 2' 

20Aj— 22z3 



11. Reduce to one fraction 

g? __ a6 I ^ 

(a J. 6)8 (a + 6)*'^ « + *' 

^'•*- (a + 6)3 • 

53. Corollary. It follows, from examples 3 and 4, 
that the sum of half the sum and half the difference 
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Product and Quotient of FractioDS. 

— — " ■ ■ ■ ■ I ' . 

of two quantities is equal to the greater of the two 
quantities; and that the difference of half their sum 
and half their difference is equal to the smaller of 
them. 



SECTION III. 
Multiplication and Division of Fractions. 

64. Problem. To find the continued product of sev- 
eral fractions. 

Solution. The continued product of given fractions 
is a fraction the numerator of tohich is the continued 
product of the given numerators, and the denominator 
of which is the continued product of the given denomi- 
nators. 

55, Problem,. To divide by a fraction. 

Solution., Multiply by the divisor inverted. 

The preceding fules for the addition, subtraction, multi- 
plication, and division of fractions require no other demon- 
strations than thpse usually given in arithmetic. 

66. When the quantities multiplied or divided con- 
tain fractional terms, it is generally advisable to re- 
duce them to a single fraction by means of art. 62. 

EXAMPLES. 

1. Multiply together y, -5, and ^ Ans. rr-rx' 

d J dj 

2. Multiply ;^.^^ by -g^^. Ans. ^^^. 
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Product and Quotient of Fractions. Reciprocal. 

3. Multiply ^ by -. Ans. I. 

o a 

4. Multiply a -| by z 



a — z '' a^ z 



a^z^ 
Ans. -- 



a^ — z^ 

5. Divide t by -5. Ans, -=— . 

"^ a be 

6. Divide 1 by r-. Ans. -. 

''6 a 

7. Divide -2^-- — -- by ^ , ^ . -4n5. -r-^r — r. 

8. Divide x» H by 2. 

Ans. 



a-^- X 



B7. The reciprocal of a quantity is the quotient ob- 
tained from the division of unity by the quantity. 

Thus, the reciprocal of a is - or o""^, that of a» is — 

or a-*, that of a-» is a», and that of -r is 1 -^t- or -. • 
,.- 6 a 

Hei^ce the product of a quantity by its reciprocal is unity ; 
the reciprocal of a fraction is the fraction inverted ; and the 
reciprocal of jthe power of a quantity is the same power with 
its sign reversed. 

68. Corollary, To divide by a quantity is the same 
as to multiply by its reciprocal ; and, conversely, to 
multiply by a quantity is the same as to divide by its 
reciprocal. 
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Powers changed from one Term to the other of a Fract^n. 

Now a fraction is multiplied either by multiplying its nu- 
merator or by dividing its denominator ; and it is divided 
either by dividing its numerator or by multiplying its de* 
nominator. Hence^ 

It has the same effect to multiply one of the terms 
of a fraction by a quantity, which it has to iiwiltiply 
the other term by the reciprocal of the quantity. 

69. Corollary. If either term of a fraction is mul- 
tiplied by the power of a quanity, this factor may 
be suppressed, and introduced as a factor into the 
other term with the sign of the power reversed. 

By this means, a fraction can be freed from nega-* 
tive exponents. 

EXAMPLES. 

1. Free the fraction ^_j from negative exponents. 

Ans. -^r— . 
a^ e 

2. Free the fraction — ^ ^ — from negative exponents. 

6^ c* a 

3. Free the fraction —7 — = — ^ , ^^ from negative ex- 

ponents. Ans. -r — ---tz. 

4. Free the fraction — ~t- — ^ from negative expo- 

nents. Ans. ■ ' — . 

X* + 1 
4* 
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Product of Metni equals that of Eztremei. 

5. Free the fraction -^ — -ITiL from nesatiTo ex- 
ponents. Ans. ^ o . o -^' 

60. The preceding rules for fractions may all be 
appliecT to ratios by substituting the term antecedent 
for numerator, and consequent for denominator. 



SECTION IV. 
Proportions. 

61. A proportion is the equation formed of two 
equal ratios. 

Thus, if the two ratios A : B and C : 2> are equal, the 
equation 

A :B = C:D 

is a proportion ; and it may also be written 

A C 

B "^ D' 

The first and last terms of a proportion are called 
its extremes ; and the second and third its means. 

Thus, A and D are the extremes of this proportion, and 
B and C its means 

62. If the ratios of the preceding proportion are reduced 
to a common consequent, in the same way in which fractions 
are, by art. 48, reduced to a common denominator, we hare 

AXB:BXD = BXC:BXD; 
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Product of Means equals that of Extremes. 

that is, il X i> «nd JB X O have the same ratio to JB X ^, 
and are consequently equal,. that is, 

AX D=^BX C, 

or, the product of the means of a proportion is equal 
to the product of its extremes. 

This proposition is called the test of proportions, 
that is, if four quantities are such that the product of 
the first and last of them is equal to the product of 
the second and third, these four qu^antities form a 
proportion. 

Demonstration. Let Ay By C, D be four quantities such 
that 

AXD = BXC. 

We hafe, by dividing B X By 

AXB:BXD = BXC:BXD, 

or, by reducing these ratios to lower terms, as in art 40, 

A:B = C:Di 
that is, A, By C, D form a proportion. 

63. Corollary. If Ay B, C, D form a proportion, we ob- 
tain from the preceding test 

A:C:=:BiD 
B:Ar=iD:C 
B:D = C'.A 
D : C^B: Ay 6Lc.'y 

that is, the terms of a proportion may be transposed 
in any way which is consistent with the application of 
the test. 
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To find the Fourth Terin of a Proportion. 

64. Problem. Cfiven three terms of a proportion^ to 
find the fourth. 

Solution. The following solution is immediately obtained 
from the test. 

When the required term is an extreme, divide the 
product of the means by the given extreme, and the 
quotient is the required extreme. 

When the required term is a mean, divide the pro- 
duct of the extremes by the given mean, and the 
quotient is the required mean. 



EXAMPLES. 

1. Given the three first terms of a proportion respectively 

BC 

A, B, C; find the fourth. Ans. —r-. 

A 

2. Given the three first terms of a proportion respectivdy 
2 a 62, 3a2 6, 663; find the fourth. Ans, 9 a 62. 

3. Given the three first terms of a proportion respectively 
a*, a", c?\ find the fourth. Ans. a^-^f—^. 

4. Given the first term of a proportion a^ 6^, the second 
3 a® 63, the fourth 7 a 6 ; find the third. Ans. J a- 4, 

6. Given the first term of a proportion 6 a"— ^6, the third 
16a3 6<^, the fourth 40a-C«-i); find the second. 

Ans. 16a-4 5-4. 

6. Given the three last terms of a proportion respectively 
aa_62, 2(a + 6), a2+2a6 + 62; find the first. 

Ans. 2 (a — 6.) 

66. When both the means of a proportion are th« 
same quantity, this common mean is called the mean 
proportional between the extremes. 
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Mean Proportional. Continued Proportion. 

Thus, when 

A:B=zB:C, 
.B is a mean proportional between A and C. 

66. If the test is applied to the preceding proportion it 
gives J52 = 4 X C; 



whence *B = a/A X C; 

that is, the mean proportional between two quar^tities 
is the square root of their product 

67. A succession of several equal ratios is balled a 
continued proportion . 

Thus, 
is a continued proportion. 

68. Theorem. The sum of any number of ante- 
cedents in a continued proportion is to the sum of the 
corresponding consequents ^ as one antecedent is to its 
consequent. 

Demonstration. Denote the value of each of the ratios in 
the continued proportion of the preceding article by My and 
we have 

1/= A : B ~ C : D = E : F, &LC.\ 
whence 

A^BXM 

C^DXM 
E=: FX M,6lc.; 

and the earn of these equations is 
A+C+E + &c=={B + D + E + &c.) X M; 
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Ratio of Sum of Antecedents to Sum of Consequents, 
whence 

B + D + F+ &c. ■" jB ■" 1> F' 

69. Corollary. Either antecedent may be repeated 
any number of times in the above sum, provided its 
consequent is also repeated the same number of times. 

70. Corollary. Either antecedent may be subtracted * 

instead of being added, provided its consequent is also 

subtracted. 
* 

71. Corollary, The application of these results to the pro- 
portion 

AxB^CvD, 

gives 4 + C:B + />==.4:B=C:2> 
A — C,B — D^A:B=C:D 
mA + nC:mB + nD = A:B =:C:D 
mA — nC:mB — nDz=A:Bz=C\ D; 

whence A + C:B + D=A — C: B — D 

' mA-^nQ:mB'\-nD=^mA — nCimB — nD ; 
or, transposing the means, as in art. 63, 

A + C:A — C=^B + D:B — D 

mA + nC:mA — nC=mB + nD:mB — nD} 

that is, the sum of the antecedents of a proportion is 
to the sum of the consequents, as the difference of the 
antecedents is to the difference of the consequents, or 
as either antecedent is to its consequent. 

Likewise, the sum of the antecedents is to their 
difference, as the sum of the consequents is to their 
difference. 
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Ratio of Sum of two first Terms to that of two last. 

Moreover, in finding these sums and differences^ 
each antecedent may he multiplied by any number, 
provided its consequent is multiplied by the same 
number. 

72. Corollary. These rules may also be applied to the 
proportion A : C = B : D 

obtained from A : B =: V : D by transposing its 

means, and give 

A + B:C+D = A — B: C—D 
=zmA + nB:mC-{-nD==mA — nB:mC—nD 
= A:C=B: D; 
and A + B:A — B = C+D: C-^ D 

mA-{-nB :mA — nB = mC-\'nD :mC — tiD; 

that is, the sum of the first two terms of a proportion 
is to the sum of the last two, as the difference of the 
first two terms is to the difference of the last two, or as 
the first term is to the third, or as the second is to the 
fourth. 

Likewise, the sum of the first two terms is to their 
difference, as the sum of the last two is to their dif" 
ference. 

Moreover, in finding these sums and differences, 
both the antecedents rfiay be multiplied by the same 
number, and both the consequents may be multiplied 
by any number. 

73. Two proportions, as 

A:B =: C:D 
and 

E:F= GiH, 
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^^^^ Ratio of ReciprocRls. 

may evidently he multiplied togeth^, teim by term, 
and the result 

AXE:BXF=CX GiDxH 

is a new proportion. 

74. Likewise, all the terms of a proportion may be 
raised to the same power. 

Thus, A:B = C:D 

gives -42 : JB2 = (72 . 2>2 

^A : a/B = Ai/C : a/D 

\^A : s/B = VC : ^/D 
A-* : B-" = C-" : Dr". 

75. Theorem* The reciprocals of two quantities are 
in the inverse ratio of the quantities themselves. 

Thus, A:B = — : 1 

B A' 

Demonstration. For A, B, 1. and 1 are four quantities 

such that the product of the first A and the last — is the 

A 

same with that of the second B and the third 1; each pro- 

duct being equal to unity. 
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Letters used for unknown Quantities. 

CHAPTER III. 

Equations of the First Degree. 



SECTION 1. 
Putting Problems into Equations. 

76. The first step in the algebraic solution of a 
problem is the expressing of its conditions in alge- 
braic language ; this is called putting the problem into 
equations. 

77. No rule can be given for putting questions into 
equations, which is universally applicable. - The fol- 
lowing rule can, however, be used in most cases, and 
problems, in which it will, not succeed, must be con- 
sidered as exercises for the ingenuity. 

Represent the required quantities by letters of the 
alphabet. Perform or indicate upon these letters the 
sam^ operations which it is necessary to perform upon 
their values^ when obtained, in order to verify them,^ 

It is usual to represent the unknown quantities by 
the last letters of the alphabet, as r, w, x, y, z. 

EXAMPLES. \ , 

The following problems are to he put into equations. 

1. A person had a certain sum of money before him. 
From this he first took away the third part, and put in its 
5 
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Ezamplei of putting Questions into Equations. 

Stead $50; a short time after, from the sum thus increased 
he took away the fourth part, and put again in its stead $ 70. 
He then counted his money, and found $ 120. What was 
the original sum ? 

Method of putting into equations. Let * 

X = the original sum expressed in dollars. 
After taking away the third part and putting in its stead 
$50, there remains two thirds of the original si^n increased 
by $50, or 

f X + 50. 

If fit>m this sum is taken a fourth part, there remains 
three fourths ; to which is to be added $ 70, giving 

, i(i^ + 50) + 70 = ix+mi; 

which is found to be equal to $ 120. We have, therefore, 
for the required equation, 

ix+ 107J = 120. 

2. A merchant adds yearly to his capital one third of it, 
but takes from it at the end of each year $ 1000 for his 
expenses. At the end of the third year, after deducting the' 
last $ 1000, he finds himself in possession of twice the sum 
he had at first How much did he possess originally ? 

Ans, If X =:.the original capital in dollars, the required 

equation is 

If 2 — 4111^ = 2 X. 

3. A courier, who goes 31 J miles every 5 hours, is sent 
from a cMain place ; when he was gone 8 hours, another 
was sent after him at the rate of 22^ miles every 3 hours. 
How soon will the second overtake the first t 

Solution. If X = the required number of hours, the num- 
ber of hours which the first courier is on the road is a; + 8 ; 
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and the distance which he goes is obtained from the propor- 
tion 

5 : X -j- 8 = 31^ : distance gone by 1st courier ; 

whence^ by art. 64, 

distance gone by Ist courier = ^J (x -j- 8). 

The distance gone by the second courier is obtained from 
the proportion 

3 : z =^ 22^ : distance gone by 2d courier ; 
whence 

distance goi^e by 2d courier = \^ z. 

But as both couriers go the same distance, the required 
equation is 

f§(x + 8) = ya. 

4. A courier went from this place, n days ago, at the rate 
of a miles a. day. Another has just started, in pursuit of him, 
at the rate of b miles a day. In how many days will the 
second courier overtake the first? 

Ans, If z = the required number of days, the required 
equation is 

6 z = a (x + n). 

5. A regiment marches from the place Ay on the road to 
jB, at the rate of 7 leagues every 2 days ; 8 days after, 
another regiment marches from By on the road to Ay at the 
rate of 31 leagues every 6 days. If the distance between 
A and B is 80 leagues, in how many days after the depar- 
ture of the first regiment will the two regiments meet? 

Ans. If z = the required number of days, the required 
equation is 

Jz+ V(a5 — 8) = 80. 
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6. A hostile corps has set out two days ago from a certain 
place, and goes 27 miles daily. Another corps wishes to 
march in pursuit of it from the same place, and so quickly 
that it may reach the other in 6 days. How many miles 
must it march daily to accomplish it? 

Ans. If X = the required number of miles, the required 
equation is 

6aj = 216. 

7. From two different sized orifices of a reservoir, the 
water runs with unequal velocities. We know that the orifi- 
ces are in size as 5 : 13, and the velocities of the fluid are 
as 8 : 7 ; we know farther, that in a certain time there issued 
from the one 561 cubic feet more than there did from the 
other. How much water, then, did each orifice discharge 
in this space of time? 

Solution, Let x = the quantity discharged by Jthe first 
orifice. , 

As the size of the second orifice is i^ths of that of the 
first, the water discharged from the second orifice, if it 
flowed at the same rate, would be 

But as the water flows from the second orifice with a 
velocity Jths of that which it should have to discharge ^i 
in the given time, its actual discharge must be 

whence the required equation is 

f^ a; — 2 = 561. 

8. A dog pursues a hare. When the dog started, the bare 
had made 50 paces before him. The hare takes 6 paces to 
the dog's 5 ; and 9 of the hare's paces are equal to 7 of the 



-J 
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dog's. How many paces can the hare take before the dog 
catches her? 

Ans, If, X = the r^uired number of paces, the required 
equation is 

^ X _ X = 50. 

9. A work is to be printed, so that each page may contain 
a certain number of lines, and each line a certain number of 
letters. If we wished each page to contain 3 lines more, 
and each line 4 letters more, then there would be 234 letters 
more on each page ; but if we wished to have 2 lines less in 
^ P^6> ^^^ 3 letters less in each line, then each page would 
' contain 145 letters less. How many lines are there in each 
page ? and how many letters in each line t 

3D 

Solution. Let 

X = the number of lines in a page, 
y = the number of letters in a line, 
and we shall have 
; X y = the number of letters in a page. 

^e : But if there were 3 lines more in a page, and 4 letters 

more in a line, the number of letters in a page would be 
(^ + 3)(y + 4)=^xy + 4x + 3y+12, 
g ^ ^which exceeds the required number of letters in a page by 
arge 4x + 3y + 12; 

whence we have for one of the required equationa 

4 x + 3y+ 12 = 224; 
and, in the same way, the condition, that 2 lines less in a 
page and 3 letters less in a line make 145 letters less in a 
page, gives the equati<Ni 
I the: xy— (x~2)(y — 3)=:145. 

^f ^' 3x + 2y — 6«145. 
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Examples of putting Questions into Equations. 

6. A hostile corps has set out two days ago from a certam 
place, and goes 27 miles daily. Another corps wished to 
march in pursuit of it from the same place, and so quickly 
that it may reach the other in 6 days. How many miles 
must it march daily to accomplish it? 

Ans, If X = the required number of miles, the required 
equation is 

62 = 216. 

7. From two different sized orifices of a reservoir, the 
water runs with unequal velocities. We know that the orifi- 
ces are in size as 5 : 13, and the velocities of the fluid are 
as 8 : 7 ; we know farther, that in a certain time there issued 
from the one 561 cubic feet more than there did from the 
other. How much water, then, did each orifice discharge 
in this space of time ? 

Solution. Let z = the quantity discharged by Jthe first 
orifice. 

As the size of the second orifice is ^ths of that of the 
first, the water discharged from the second orifice, if it 
flowed at the same rate, would be 

But as the water flows from the second orifice with a 
velocity Jths of that which it should have to discharge ^ x 
in the given time, its actual discharge must be 

whence the required equation is 

^Xr—X = 561. 

8. A dog pursues a hare. When the dog started, the hare 
had made 50 paces before him. The hare takes 6 paces to 
the dog's 5 ; and 9 of the hare's paces are equal to 7 of the 
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dog's. How many paces can the hare take before the dog 
catches her? 

Ans. If, X = the r^uired number of paces, the required 
equation is 

^ z — z = 60. 

9. A work is to be printed, so that each page may contain 
a certain number of lines, and each line a certain number of 
letters. If we wished each page to contain 3 lines more, 
and each line 4 letters more, then there would be 234 letters 
more on each page ; but if we wished to hare 2 lines less in 
a page, and 3 letters less in each line, then each page would 
contain 145 letters less. How many lines are there in each 
page ? and how many letters in each line t 

Solution. Let 

X = the number of lines in a page, 
y = the number of letters in a line, 
and we shall have 

X y = the number of letters in a page. 
But if there wece 3 lines more in a page, and 4 letters 
more in a line, the number of letters in a page would be 

(^ + 3)(y + 4)=^xy + 4x-t-3y + 12, 
.which exceeds the required number of letters in a page by 

4x + 3y + 12; 
whence we have for one of the required equationa 

42 + 3^+12 = 224; 
and, in the same way, the condition, that 2 lines less in a 
page and 3 letters less in a line make 145 letters less in a 
page, gives the equati<Ni 

xy— (x~2)(y-.3)=5l45. 
or 

ax + 2y — 6 s 145, 
6* 
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10. Three soldiers, in a battle, make 9 96 booty, which 
they wish to share equally. In order to do this, A, who 
made most, gives B and C as much as they already had ; in 
the same manner, B next divided with A and C, and after 
this, C with A and B. If, then, by these means, the in- 
tended equal division is effected, how much booty did each 
soldier make ? 

Ans, If a; = ^'s booty, 

y = jB's booty, 
z = (7s booty, 
the required equations are 

2 + y + z = 96 
4x — 4y — 4z = 6y — 2x — 2z 
Ax — 4y — 42 = 7 z — x — y. 

11. A certain ntimber consists of three digits, of which 
the digit occupying the place of tens is half the sum of the 
other two. If this number be divided by the suih of its 
digits, the quotient is 48; but if 198 be subtracted from it^ 
then we obtain for the remainder a number consisting of the 
same digits, but in an inverted order. What number is 
this? 

Ans, If z = the digit which is in the place of units, • 
y = that in the place of tens, 
z = that in the place of hundreds. 
The number is = 100 « + lOy + z, 
and the required equations are 

y =7 i (aJ + «) 

x + y + z 
100« + 10y + «— 198= 100% + 10y+2. 
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12. A person' goes to a tavern with a certain sam of 
money in his pocket, where he spends 2 shillings; he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also; then borrowing 
again as much money as was led, he went to a third tavern, 
where likewise he spent 2 shillings, and borrowed as much 
as he had lefl ; and again spending 2 shillings at a fourth 
tavern, he then had nothing remaining. What had he at 
first ? 

Ans, If X = the. shillings he had at first, 
the required equation is 

8 X — 30 = 0. 

13. A person possessed a certain capital, which he placed 
oat at a certain interest Another person, who possessed 
$10 000 more than the first, and who put out his capital 
1 percent, more advantageously than. the fifst did, had an 
income greater by $800. A third person, who possessed 
$ 15 000 more than the first, and who put out his capital 2 
per pent, more advantageously than the first, had an income 
greater by $1500. Required the capitals of the three per- 
sons, and the three rates of interest. 

Ans, If a; = the capital of the first, 

y = his rate of interest per cent, 
the required equations are 

10000y+ > r4. 10000 ^^^ 
Too ^' 

15000y + 2a; + 30 000 __^ 

100 = ^^- 

14. A person has three kinds of goods, which together 
cost$2302^. Tbe pound of each article costs as many 
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twenty-foarths of a dollar as there are pounds of that ar- 
ticle ; but he has one third more of the second kind than 
he has of the first, and 3^ times as much of the third as he 
has of the second. . How many pounds has he of each ar- 
ticle? 

Ans. If z =s the number of pounds of the 1st, 

the required equation is 

15. A person buys some pieces of cloth, at equal prices, 
for 9 60. Had he got 3 pieces more for the same sum, each 
piece would have cost him $ 1 less. How many pieces did 
he buy? 

Ans. If z = the number of pieces bought, 
the required equation is 
60 _ 60 
X ■" x+S"^ 

16. Two drapers A and B cut, each of them, a certain 
number of yards from a piece of cloth ; A however 3 yards 
less than B, and jointly receive for them $35. ''At my 
own priQ^," said ^ to ^, "I should have received $24 for 
your cloth.'' ''I must admit,'' answered the other, ** that, at 
iny low price, I should have received for your cloth no more 
than $ 12^." How many yards did each sell? 

Solution, Let x = the number of yards sold by A ; 
then z -{- 3 = the number sold by B. 

Now since A would have sold z -|~ 3 yards for $24, 

24 

A*8 price per yard = — ■ — -; 
X -J- o 

and since B would have sold z yards for 9 12^, 

-,, . , 12J 25 

B*B price per yard = -^ = g^. 
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Hence 

24 a; 



the sum for which A sells x yards = 



X + 3' 



the sum for which B sells x + S yards == — ^^ ' ^ : 

* 2z 



and the required equation is 

35. 



24a; 25 (x +3 ) _ 



a; + 3 ' 2 X 

17. Two travellers, A and B, set out at the same time 
from two different places, C and D ; A, from C to /> ; and 
B, from /> to C When they met, it appeared that A had 
already gone 30 miles more than B ; and, according to the 
rate at which they are travelling, A calculates that he can 
reach the place /> in 4 days, and that B can arrive at the 
place C in 9 days. What is the distance between C and D 1 

Ans. If, when they meet, 

'x = the distance gone by A, 
tfien, X — 30 = the distance gone by Bi 

the whole distance =: 2 a; — 30; 
and the required equation is 

4a; __ 9(a;-~30) 
a;— 30"" X 

18. Some merchants jointly form a certain capital, in such 
a way that each contributes 10 times as many dollars as tliey 
are in number ; they trade with this capital, and gain as 
many dollars per cent, as exceed their number by 8. Their 
profit amounts to $2^. How many were there o(them? 

Ans. If X = the number of merchants, the required 
equation is - 

^x2{x + ^) = 2&8. 
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Degree of an Equatkm. 

19. Part of the property of a merchant b invested at such 
a rate of compound interest, that it doubles in a number of 
years equal to twice the rate per cent. What is the rate of 
interest ? 

Ans» If z = the rate per cent., the required equation is 



/ 100 + a ;\2x_, 



SECTION II. 
Reduction and Clasflification of Equations. 

T8. The portions of an equation, which are sepa- 
rated by the sign =, are called its members; the one 
at the left of the sign being called its first member, 
and the other its second member. 

79. Equations Are divided into classes according to 
the form in which the unknown quantities are con- 
tained in them. But before deciding to which class 
an equation belongs, it should be freed from fractions, 
from negative exponents, and from the radical signs 
which affect its unknown quantities ; its members 
should, if possible, be reduced to a series of mono- 
mials, and the polynomials thus obtained should be 
reduced to their simplest forms. 

80. When the equation is thus reduced, it is said to 
be of the same degree as the number of dimensions of 
the unknown quantities in that term which contains 
the greater number of dimensions of the unknown 
quantities. 
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TraDscendental Equations ; Roots of Equations. 

Thas, X and y being the unknown quantities, the equa- 
tions 

a X + 6 = c, 

10 X + y = 3, 

are of the J^rs^ degree ; 

22 ^ 3 X + 1 = 5, 

are of the second degree, &c. 

81. But when an equation does not admit of being 
reduced to a series of monomials, or, when being so 
reduced, it contains terms in which the unknown 
quantities or their powers enter otherwise than as fac- 
tors, it is said to be trancendental ; and the consider- 
ation of such equations belongs to the higher branches 
of mathematics. 

Thus, a* = 6 - 

are trancendental equations. 

82. An equation is ss(id to be solved, when the 
values of its unknown quantities are obtained ; and 
these values are called the roots of the equation. 

83. The reduction and solution of all equations 
depends upon the self-evident proposition, that 

Both members of an equation may he increased, 
diminished, multiplied, or divided by the same quan- 
tity, mthout destroying the equality. 

84. Corollary. If all the terms of an equation have 
a common factor, this factor niay be suppressed. 
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To free an Equation from Fractions. 

EXAMPLES. 

1. If the factor common to the terms of the equation 

a^x^ +S a^ z^ = a2 x^ 
is suppressed, what is the resulting equation ? 
Ans. x^ '}'3a= 1. 

2. If the factor common to the terms of the equation 

is suppressed, what is the resulting equation ? 
Ans. a + 3 a2 a; = 1. 

85. Problem. To free an equation from fractions. 

Solution. Reduce, by arts. 49 and 50, all the terms 
of the equation to fractions having a common denomi- 
nator, and suppress the commoji denominator, prefix- 
ing to the numerators the signs of their respective 
fractions. 

Demonstration. For suppressing the denominator of a 
fraction is the same as multiplying the fraction by its de- 
nominator; and, consequently, both the members of this 
equation are, by the preceding process, multiplied by the 
common denominator. 

EXAMPLES. 

1. Friee the equation 

a c a — c _ 1 

bx dx b dx X 

from fractions. 

Solution. This equation, when its terms are reduced to a 
common denominator, is 

ad be a — c bdhx bd 

bdx*bdx bdx "~ bdx bdz' 
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Sappressibg the commoD denominaior, we hare 
ad -j^ be — (a — c) =z bdhx — 6rf, 

or 

ad-]- be — a + ^ =s bdhx — bd. 

2. Free the equation 

a — c d a — c 

from fractions. 

Ans, Sad — 6rfx+2a2 — ax — 2ac + cx=a(i+ 
df—ad^x-^cd^x. 

3. Free the equation 

_Sx_ _ g _ 20^ 
x-t-2 Sx 

from fractions. 

Ans. 2ix^ — 18x2 _ 36a; ^^x-^ 40. 

4. Free the equation 

IB + x _ 202; + 9 65 

6(3— X) "^ 19 — 7x 4(3— X) 
from fractions. 

Ans. 684— 214x— 14x2 =:i612x — 324 — 240x2 
— 3705 +1365 X. 

5. Free the equation 

xj+-y _ x—y _ _l 1_ . 1 

X — y Jc+y X — y x + y"» x«— y2 
from fractions. 

ilns. - 

x2+2xy+y2— x2+2xy— y2=r2;+y — x+y+1. 

6. Free the equation 

a* a« + ^ 
(fz OF "^ b* 

from fractions. 

j4n5. a^* — a« 6* as a* 6* + 68*. 

6 
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To free t Frectioii from iiegatiT« fizpooentt. 

86. CoroUary. If the given equation contains nega- 
tive exponents, it can be freed from them by arts. 67 
aiid 59. 

EXAMPLES. 

1. Free the equation 

— ! . =ar-i 

X — ar-i 

from fractions and negatiye exponents. 

Ans. z' -j- aj =s x* — 1. 

2. Free the equation 

a* + ^^^ *• . — ^"^^ 
from fractions and negative exponents. 

Ans. z*«^« — flt^x 3^ a4«j|^a — aj2«. 

87. Theorem. A term may be transposed from one 
member of an equation to the other member, by merely 
reversing its sigfi ; that is, it maybe suppressed in 
one member and annexed to the other member with 
its sign reversed from + to — , or from — to +• 

Demonstration. For suppressing it in the member in which 
it at first occurs is the same as subtracting it from that mem- 
ber; and annexing it to the other member with its sign 
reversed is, by art. 24, subtracting it from the other mem- 
ber ; and, therefore, by art. 83, the equality is preserved. 

88. Corollary, All the terms of an equation may be 
transposed to either member, leaving zero in the other 
member ; and_ the polynomial thus formed fnay he 
reduced to its simplest form, by arts. 20 and 84. 
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Equations reduced to their liaplett formf . 

I . . I I i^ Ml I. 

EXAMPLES. 

1. Reduce the equation 

. T^l " 2+ 1 X2— I 

to its simplest form in a series of monomials. 

Solution, This equation, freed from fractions by art. 85, is 
72;n+i -|- Tz" = 6x*+^ — 5x*+i*— x" — 3x* — 6z"+s, 
which becomes, by the transposition of its terjns and by the 
reduction of art. 20, 

12x«+i + 11«« =0, 
and, by striking out the factor x«, 

12x+ll=0. 
.2. Reduce the equation 

X2 -If 1 X — I _ X + 1 

x2 — 1 (x4-D2~a;_l 

to its simplest form in a series of monomials. 

Ans. 2x2 + 1 = 0. 

3. Reduce the equation 

ax^-\-bX'\^c ax^ — bx — c 
x^ + 1 , ~ x2 — 1 

to its simplest form. 

Ans, bx '\^ c — a = 0. 

4. Reduce the equation 

qx + a— « flx — cr- * 
x«-|-x— * x« — X— « 
to its simplest form. 

Ans. a2» = x3« 
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Equatloos of the First Dtgnt. 

SECTION III. 
SolutioQ of Equations of the First Degree, with one unknown quantity. 

89. Theorem. Every equation of the first degree, 
with one unknown qumitity^ can be reduced to the 
form^ 

Ax + B = 0] 

in which A and B denote any known quantities^ whether 
positive or nfigative^ and x is the unknown quantity. 

Demonstration. When an equation of the first degree 
with one unknown quantity is reduced » as in art. 88, its first 
member is composed of two classes of terms, one of which 
contains the unknown quantity, and the other does not. 
If the unknown quantity, which we may suppose to be z, is 
taken out as a factor from the terms in which it is contained^^ 
and its multiplier represented by Ay the aggregate of the first 
class of terms is represented hf Ax\ and the aggregate of 
the terins of the second class may be represented by B ; 
whence the equation is represented by 
Ax + B=^^. 

90. Problem. To solve an equation of the first de- 
gree with one unknown quantity. 

Solution, Having reduced the given equation to the ibm 
Ax + B = 0, 
transpose B to the second member by art. 87, and we have 

Ax = —B. 
Dividing both members of this equation by A, gives 

B 

Hence, to solve an equation of the first degree^ reduce 
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Cases in Equations of the First Degree. 

itj as in art. 88, transposing its known terms to the 
second member, and all its unknovm terms to the first 
m^ember; and the value of the unknown quantity i$ 
equal to the quotient Arising from the division of the 
second member by the multiplier of the unknown 
quantity in the first member. 

91. Corollary. When A and B are both positive or 
both negative, the vklue of x is, by art. 30, negative j 
but when A and B are unlike in their signs, one posi- 
tive and the other negative, x is positive. 

92. Corollary. When we have 

B =0, 

the value oi x\s 

ar = — 4 = 0. 

A 

93. Corollary. When we have 

A = 0, 
the value of x is 

B 

^ = -10- 

But the smaller a divisor is, the oftener must it b^ contain- 
ed in the dividend, that is, the larger must the quotient be ; 
and when the divisor is zero, it must be contained an infi- 
nite number of times in the dividend, or the quotient must be 
infinite. Infinity is represented by the sign oo. We htre, 
then, in this case, 

X = — oj. ^ 

The given equation is, however, in this case, 

axx + B = o, 

6* 
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which reduces Hself to 

B = 0, 

an obrious absurdity, unless B is zero. 

The sign oo is, therefore, rather to be regarded as ^ 
the expression of the peculiar species of absurdity 
which arises from diminishing the denominator of a 
fraction till it becomes zero. 

94. Corollary. When we have 

^ = 0, and £ = 0, 
the value of ar is 

— e 

which is equal to any quantity whatever, and is called 
an indeterminate expression. 

The given equation is, indeed, in this case 
X ar + = 0, 
an equation which is satisfied by any value whatever 
of x,^ and is called an identical equation. 



EXAMPLCS. , 

1. Solve the equation 

8a; — 6=: 13 — 7x. 

Ans^ X = !•(• 

2. Solve the equation 

XXX' X 

Ans. % = 116^. 
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3. Solve the equation ~ 

ax-]- c = bx -^^ d. 

. d' — c 

Ans, X = ■>. 

a — 6 

4. Solve the equation 

a(d^ +%^) , ax 

dx ^ d 

Ans, z = -. 
c 

5. -Solve the equation 

c x^ fx^ 

a-\-hx d'\' tx' 

cd — af af — cd 

oj — ce cc— bj 

6. Solve the equation 

3a6c , a262 (2a + 6)62« hx 

a + 6^(a+6)3^ a{a + by ''*' ^ a 

ab * , 

, ' Ans, X = 



a+6' 

7. Two capitalists calculate their fortunes, and it appears 
that one is twice as rich as the other, and that together they 
possess $ 38 700. What is the capital of eack? 

Ans. The one has $ 12900, the other $25800. 

8. To find two such numbers, that the one may be m 

tim^s as great as the other, and that their sum = a. 

. a _ ma 

Ans, — r—r and 



OT+ 1 m-j- 1 

9. The sum of $ 1200 is to be divided between two per* 
sons, A and B, so that ^'s share is to jB's as 2 to 7. How 
much does each receive? 

Ans, il9266f, J3 9933^. 
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10. To divide a number a into two sacbf parts,^ that the 

first part is to the second as m to it. 

- ma . *>^ 

Ans. — ; — and 



m+it m-^-it' 

11. How much money have I^ when the 4th and '5th parts 
of it amount together to $2,25? 

Ans, 9 5. 

12. Find a number such, that when it is divided succes- 
sively by m and by n, the sum of the quotients = a. 

. mna 

Ans, — ; — . 

13. Divide the number 46 into two parts, so that when the 
one is divided by 7, and the other by 3, the sum of the quo- 
tiento = 10. 

Ans. 28 and 18. 

14. All my journeyings taken together, says a traveller, 
amount to 3040 miles; of which I have travelled SJ^ times as 
much by water as on horseback, and 2^ times as much oa 
to6i as by water. How many miles did he travel in each 
of these three ways? 

Ans, 240 miles on horseback, 840 miles by water, 
and 1960 miles on foot 

15. Divide the number a into three such parts, that the 
second may be m times, and the thir4 n times as great as the 
first 

. a ma na ^ 

l + m + n' l+m,+ n' l + m + »* 

16. A bankrupt leaves $21 000 to be divided among four 
creditors A, B, C, D>, in proportion to their claims. Now 
A'b claim is to jB's as 2 : 3 ; B's claim : Cs = 4 : 5 ; and 
Cb claim : D's = 6:7. How much does each creditor 
receive ? 

Ans. A $3200, B $4800, C $6000, D $7000. 
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17. Divide the number a into three such parts, that the 
Ist shall be to the 2d as m to n ; and the 2d part : the 3d ==* 

mp a n p a nq a 

fnp-\'np-\'nq^ mjp -|- njp-j- n g' mp'{'np'{'nq' 

18. Thete are two numbers whose sum is 96, and differ- 
ence 16 ; what are they 1 Ans. 56 and 40. 

19. A father gives to his five sons $1000, which they are 
to divide according to their ages, so that each elder son shall 
receive $20 more than his next younger brother. What is 
the share of the youngest? Ans. $160. 

20. One has six sons, each whereof is 4 years older than 
his next younger brother ; and the eldest is three times as 
old as the youngest. What is the age of the eldest? 

Ans. 30 years. 

21. There is a certain fish whose head is 9 inches; 
the tail is as long as the head and half the back ; and the 
back is as long as both the head and the tail together. 
What is the length of the fish? Ans. 72 inches. 

22. Five gamesters have lost jointly $40f ; B'a loss 
amounts to ^ dollar more than triple A'a ; C's loss is $2 less 
than twice JB's ; D lost ^ dollar less than A and B together ; 
and JS twice as much as B less ^ dollar. How raucH did 
each of them lose? 

Ans. A $2, B $6^, C $11, 1> $8^, ^ $l2f 

23. A mason, 12 journeymen, and 4 assistants^ receive 
together $ 72 wages for a certain time. ' The masor/ receives 
$1 daily, each journeyman j- dollar, and each "^assistant 
^ dollar. How many days must they have worked for this 
-money ? Ans. 9 days. 

24. Find a number such that if yon multiply it by 5, sub- 
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tract 24 from the product, divide the remainder by 6, and 
* add 13 to the quotient, you will obtain this number. 

' Ans. 54. 

• 

25. A courier left this place n days ago, and makes a 

miles daily. He is pursued by another making 6 miles 

daily. In how many days will the second overtake the 

first ? ^ « « J 

Ans, days. 

b — a 

26. A courier started from a certain place 12 days ago, 
and is pursued by another, whose speed is to that of the first 
aa 8 : 3. In how many days will the second overtake the 
first ? Ans. H days. 

27. A courier started from this place it days ago, and is 
pursued by another whose speed is to that of the first as,^ is 
top. In how many days will the second overtake the first? 

Ans. -^^^ 



p — q 

.28. Two bodies move in opposite directions ; one moves c 
feet in a second, the other C feet. The two places, from 
which they start at the same time, are distant a feet from 
one another. When will they meet? 

- Ans, In -7=—^ — seconds. 
C-j- c 

29. Two bodies move in the same direction from two 
places at a distance of a feet apart ; the one at the rate of c 
feet in a second, the other pursuing it at the rate of C feet 
in a second. When will they meet? 

Ans. In seconds. 

C — c 

30. At 12 o'clock, both hands of a clock are together. 
When and how often will these hands be together in the 
next 12 hours? 
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Ans. At 5^ miiHites past 1, 
at IO|f minutes past 2, 
at 16^ minutes past 3, 
and so on, in each suc- 
cessive hour, 5^ min- 
utes later. 

3i. Two bodies more aiier 6ne another in the circumfer* 
eoce of a circle, which measures p feet. At first they are 
distant from each other by an arc measuring a feet; the 
first moves c feet, the second C feet, in a second. Wheji 
will those two bodies meet for the first time, second time, 
and so on, supposing that they do not disturb each other's 
motion 1 

Ans. In -= , ~-3l — ^"^ , &c. seconds. 

C — c C — c C — c 

92. When will they meet, if the first begins to move ^ 

seconds sooner than the second ? 

^ a-^-ct p-|-a4-c^ 2p4-a4-c^ . , 

Ans. In y^ , ^--~ — ■ , -:^ — , &c. seconds. 

33. But when will they meet, if the first begins to move 

t seconds later than the second ? 

_ a — ct p + a — ct 2p4-a — ct ^ , 

Ans, In -r= , ' , -^ ,&.c. seconds. 

C — c C — c C — c 

34. When will they meet, if the firsts instead of running 
in the same direction with the second, runs in the opposite 
direction, and starts at the same time? 

^- I- c+7' ^c' -cT^' c+7' ^'- ^^"'''^ 

35. When will they meet, if, moving in an opposite di* 
rection to the second, the first starts t seconds sooner than 
the second ? 

, a — ci p + a — ct 2p4-rt — ct ^ . 
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36. But when will they meet, if, moving in an opposite 
direction to* the second, the first starts t seconds later than 
the second ? 

_ a + ct p-^-a-^-lct 2p'\'a'{'Ct ^' . 

^''*- '" c+7' c+^ ' c+T- .«^««"'«»^ , 

37. A wine merchant has two kinds of wine; the one 
costs 9 shillings per gallon, the other 5. He wishes to mix 
both wines together, in such quantities, that he may have 50 
gallons, and each gallon, without profit or loss, may be sold 
for 8 Bhiliings. How must he mix them ? 

Atts, 37^ gallons of the wine at 9 shillings, with 
12^ gallons of that at S shillings. 

38. A wine 'merchant has two kinds of wine; the one 
costs a shillings per gallon, the other b shillings. How must 
he mix both these wines together, in order to have n gallons', 
at a price of c shillings per gallon ? 

Ans. J-- gallons of the wine at b shillings, 

and ^ J-— gallons of that at a shillings. 

39. To divide the number a into two such parts, that, if 
the first be multiplied by m and the second by it, the sum of 
the products is 6. 

. b — na , ma — 6 

Ans, and . 

m — n m — n^ ■ 

40. One of my acquaintances is now 30, his elder brother 
20 ; an^ consequently 3:2 is the ratio of his age to his 
brother's. In how many years will their ages be as 5 : 4 ? 

Ans, In 20 years. 

41. What two numbers are those, whose ratio = a:6; 

but, if c is added to both of them the resulting ratio = m : it. 

acim — n) , bc(m — n) 

Ans. — ^^ ; — '- and — ^ -—i. 

an — bm an — 6ift 
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42. Find a number such that 5 times the number is as 
much above 20, as the number itself is below 20. 

Ans. 6f. 

43. A person wished to buy a house, and in order to raise 
the requisite capital, he draws the same sum from each of 
his debtors. He tried, whether, if he obtained $250 from 
each, it would be sufficient for the purpose ; he found, how- 
ever, that he would then still lack $2000. He tried it, there'* 
fore with $340; but this gave him $880 more than he re- 
quired. How many debtors had he1 Ans, 32. 

44. A father leaves a number of children, and a certain 
sum, which they are to divide amongst them as follows : 
The first is to receive $100, and then the 10th part of the 
remainder; after this, the second has $200, and the 10th 
part of the remainder; again, the third receives $300, and 
the 10th part of the remainder ; and so on, each succeeding 
child is to receive $100 more than, the one preceding, and 
then the 10th part of that which still remains. But it is 
found that all the children have. received the same sum. What 
was the fortune left? and what was the number of children ? 

Ans. The fortune was $8100, 

and the number of children 9. 

45. Divide the number 10 into two such parts, that the 
difference of their squares may be 20. Ans. 6 and 4. 

46. Divide, the number q into two such parts, that the 

difference of their squares may be 6. 

a^ + b ^a^ — h 
Ans, — ~- — and — ^r . 

2a 2a 

47. What two numbers are they whose difference is 5, 
and the difference of whose squares is 45 ? 

Ans< 7 and 2. 

7 
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48« Wbaltwo numbera are Ihey whose difference b a, 

and the difference of whose squares is 6 ? 

6 — a* j6 + a2 
Ans. — jr and -~ . 

- 95. CoroUary. When the solution of a problem gives 
zero for the value of either of the unknown quan- 
tities ; this value is sometimes a true solution ; and 
sometimes it indicates an impossibility in the propo- 
sed question. In any such case, therefore, it is neces- 
sary to return to the data of the problem and investi- 
gate the signification of this result. 

EXAMPLES. 

1. In what cases would the value of the unknown quantity 
in example 25 of art. 94 become zero? and what would thfs 
▼alue signify ? Ans. When n = 0, 

or when a = 0; 

and, in either case, this value signifies that the 
couriers are together at the outset; and zero 
^ust, therefore, be regarded as a real solution. ^ 

2. In what cases would the value of the unknown quantity 
in example 35 of art 94 become zero? and what would this 
value signify ? • 

Am. When « = ?. or = ^-±^, or = ?^^±^, &c. - 
c c c , 

and either of these equations signifies that the 

bodies are together when the second body starts, 

the first body having just arrived at the point of 

departure of the second, and zero b, therefore, . 

to be regarded as a real solution. 
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3. In what cases would the valae of one of the unknown 
qaantittes in example 38 of art. 94 become zero ? and what 
would this value signify? 

Ahs. When^ either 

a = c, or 6 = c ; 
and, in either case, these equations indicate that 
the price of one of the wines is just that of the 
required mixture, and, of course, needs none of 
the other wide added to it to make it of the re- 
quired value ; and zero must, therefore, be re* 
garded as a true solution. 

4. In what eases would the value of one of the unknown 
quantities in example 39 of art. 94 become zero 1 and what 
would this value signify ? Ans. When 

b = na, or =1 ma; 
' and these equations indicate that a is itself such 
that, multiplied either by m or by n, it gives a pro- 
duct = 5 ; and zero itiay be regarded as a true 
solution, expressing that one of the parts is zero, 
while the other is the number a itself. 

5. In what cases would the value of one of the unknown 
quantities in example 41 of art. 94 become zero? and what 
would this value signify ? 

Ans. First, When a = 0, or 5 = 0, 
and, in this case, zero is a true solution by- re- 
garding all numbers as having the same ratio to 
zero. 

Secondly, When c = 0, 
and, in this case, the problem is impossible, for 
the ratio of no two numbers can be equal to 
each of the unequal ratios a : b a?d m : n. 

Thirdly. When m =:i n, 
and, in this case, the problem is impossible, for 
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no two numbers, whose ratio =s a : 6, and which 
are therefore unequal, can, by the addition of 
' c to each of them, become equal to each other, 
as required by the ratio m : n = m : m = 1. 

96. When the solution of a problem gives, for the 
values of one of^ts unknown quantities, any fractions, ^ 
the denominators of which are zero, while the nume- 
rators are not zero ; such values are, generally, to be 
regarded as indicating an absurdity in the enunciation 
of the problem. 

EXAMPLES. 

1. In what case does the denominator of the fractional 
value of the unknown quantity in example S5 of art. 94 be- 
come zero 1 and what is the corresponding absurdity in the 
enunciation of the problem ? 

Ans, When a r= 6, 
and the absurdity is that, while the couriers are 
travelling at the same rate, it is required to de- 
termine the time in which otie will overtake the 
other. 

2. In what case do the denominators of the fractional 
values of the unknown quantity in example 38 of art. 94 
become zero ? and what is the corresponding absurdity in 
the enunciation of the problem ?, 

Ans, W^en atxsh^ 
and the absurdity is that, while both the wines 
are of the same value, they should give a mix-^ 
tiire of a value different from their common 
value. 
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3. In what case would the denomiaators of the fractional 
values of the unknown quantities in example 41 of art. 94 
become zero ? and what is the ccnrresponding absurdity of 
the enunciation ? 

Ans, When an =: b m, 
that is, when a : b s=s.m : n; 
and the absurdity is, that the ratio of two num- 
bers should not be changed by increasing them 
both by the same quantity. 

4 In what case would the denominators of the frac- 
tional values of the ^unknown quantities in example 48 of 
art. 94 become zero? and what is the correspcmding absur- 
dity of the enunciation ? 

Ans, When a = 0, 
and the absurdity is, that the squares of two 
equal numbers should differ. 

97. Corollary. When the solution of a problem 
gives for the value of either of its unknown quanti« 
ties a fraction whose terms are each equal to zero, 
this value generally indicates that the conditions of 
the problem are not sufficient to determine this un- 
known quantity, and that it may have any value 
whatever. In somB cases, however, there are limita- 
tions to the change of , value of the unknown quan- 
tity. 

EXAMPLES. 

1. In what case would both the terms of the fractional value 
of the unknown quantity in .example S5 of art. 94 become 
zero? and how could this value be a solution? 

7* 
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itii5. When h =z a, 
and n = 0; 
and these equatioBs signify, that the couriers 
travel equally fast, and start at the same time; 
and, therefore^ they remain together, and any 
number whatever may be taken as the value of 
the unknown quantity. 

2. In what case would both the terms of either of the 
fractional values of the unknown quantity in example 31 
of art. 94 become zero I and how could this value be a so- 
lution ! 

Ans^ When a &= o, 
and C=^ c; 
and these equations signify^ that the bodies move 
equally fast^^ and start from the same place ; they, 
therefore, remain together, and any number 
whatever may be taken as the value of the un- 
known quantity. 

But, in this case, all the algebraic values of 
the unknown quantity but the first become infi- 
nite, as they should, because they are obtained 
on the supposition that the second body has 
passed round the circle once, twice, dz>c. oflener 
than the first body ; which is here impossible. 

3. In what case would all the terms of the fractional values 
of the unknown quantities in example 38 of art. 94 become 
zero? and how could they, then» satisfy the conditions' of the 
problem 1 

Ans, When « ss 5 = c ; 
and these equations signify, that the wines and 
the mixture are all of the same value ; in what- 
ever proportion, therefore, the wines are mixed 
together, the mixture must be of the required 
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▼alue. But the values of the unknown quanti- 
ties are still subject to the limitation that their 
sum is n. 

4. In what case would the terms of the fractional values 
of the unknown quantities in example 29 of art 94 become 
zero? and how could they, then, satisfy the conditions of 
the problem 1 

Ans. When tn = n^ 
and b = n a =:z m a; 
and these equations signify, that the sum b of the . 
products of the parts of a multiplied by m == n 
is to be equal to the product of a multiplied by 
n ; and this is, evidently, the case into whatever 
parts a is divided. 

5. In what cases would all the terms of the fractional 
values of the unknown quantities in example 41 of art. 94 
become zero ? and how could they, then, satisfy the con- 
ditions of the problem ? 

Ans, First, When a:b =,mxn^ 
and c = 0; 
for these equations indicate that the two re- . 
quired numbers are only subject to the condition 
that their ratio = a : 6. 

Secondly, When m = «, 
and a:6 = m:ii=:ffi:ms=ly 
that is, a = 6 ; 
ibr these equations indicate that the two num- 
bers are to be equal ; and that thej are to remain 
equal, when they are increased by c» which would 
always be the case. 

6. In what case would all the terms . of tho fraction^ 
values of the unknown quantities in example 48 of ait 94 
become zero? and bow could these values be solutions t 



80 ALGEBEA. [CU« lU^ ^ lU. 

Casec of negative value of unknown quantity. 

Ans. When a = 0^ 
and '6 = 0; 
and their equations indicate that the numbers 
are to be equal, and that their squares are to be 
equal, which is always the case with equal num- 
bers. 

98. Corollary. When the solution of a problem 
gives a negative value to either of the unknown 
quantities, this value is not generally a true solution 
of the problem ; and if the solution gives ho other 
' than negative values for this quantity, the problem is 
generally impossible. 

But, in this case, the negative of the negative value 
of the unknown quantity is positive; so that the 
enunciation of the problem can often be corrected by 
changing it, so .that this unknown quantity may be 
added instead of being subtracted, and the reverse. 

EXAMPLES. 

1. In what case would the ?alue of the unknown quan- 
tity m example 25 of art. 94 be negative? Why should it be 
90? and could the enunciation be corrected for this case? 

Ans, When a > 6 ; 
that is, when the second courier goes slower 
than the one he is pursuing, in which case he 
' evidently cannot overtake him ; and the enuti- 
ciation does not, in this case, admit of a legiti* 
mate correction. 

2. In what case would the values of the unknown quan« 
titieB in examples 29, 31, 92 be negative? why should this 
9)6 flo? and coaM the ennneiations be corr€f6ted for this 
cuel 
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Ans, When c> C\ 
that is, when the first body moves faster than the 
second, in which case the second cannot over- 
take it. 

The enanciation may be corrected for* this 
case by supposing the bodies to travel in the 
(^^site direction to that which they are at 
present taking, that is, by supposing the first 
body to pursud the second. 

Examples 31 and 32 are not, however, impo»* 
siUe in Hhis case ; for, firom the very nature of 
their circular motion, the first body is necessarily 
pursuing the second even in their present dir 
rection ; the second body must not, however, be 
considered as a feetor a-^- ci feet behind the 
first, but as jp — a or p — (a-^-ci) feet before 
it 

8. In what cases would the values of the unknown quan- 
tity in example 33 of art 94 be negative? why should this 
be the case? and could the enunciation be corrected for this 
case? 

^115. First When C<c, 
which' is subject to tHe same remarks as in the 
preceding question. 

Secondly. When O c, 

and ct> a, or >p + ^» ^^ > ^P "h ^> ^^- * * 
f that IS, when the first body does not start until 
the second body has passed it once, or twice, 
or three times, d&c. ; and if the bodies were 
moving in the same straight line, the enunciation 
woulj not admit of liegitimate correctidn. As it 
is, however, the first body is stiH pursued by the 
second, and is p -|- a — ci, 2p -|- a — c <,&c. 
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. feet before the second, when it starts ; so that 
all the values given for the unknown quantity 
are correct, except the negative ones. 
4. In what cases would the values of the unknown quan- 
tity in e^pamj^e 35 of art. 94 be negative 1 why should this 
be the case ? and could the enunciation be corrected for this 
case? 

Ans. When 
ct>a, or >p-f-a, or >2p^-fl,&c.; 
that is, when the first body has passed the second 
once, twice, &c. before the second begins to 
move. 

If the bodies were moving in the same straight 
line, the second body would be obliged to change 
its direction, apd move in the same direction with ; 
the first, and even with this change of enuncia- 
tion the problem is impossible, if the second body 
moves slower than the first. 

But as it is, the bodies are still moving towards 
each other in the circumference of the circle; 
their distance apart at the instant when the second 
body starts being 2? + a — ct, ot 2p-j~a — ct ' 
&,c. feet ; so that all the positive values of the 
unknown quantity are true solutions. 
» 5. In what cases would the values of either of the un- 
known quantities in example 38 of art. 94 be negative ? why 
• should this be the case ? and could th^ enunciation be cor-, 
rected for this case ? 

Ans, If we suppose, as we evidently may, that 

a>6; 
one of the values is negative, 

First. When a <^ c; 
that is, when the price of the most expensive 
wine is less t)ian that of the required mixture. 
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Secondly, When 6 > c ; 
that 18, when the price of the least expenstre 
wine is more than that of the mixture. 

In either case the problem is altogether impos- 
sible, for two wines cannot be mixed together so 
as to produce a wine more valuaUe than either 
of them without a gain, % or less valuable than 
' either of them, without a loss. 

6. In what cases would the value of either of the unknown 
quantities in example 39 of art. 04 be negative ? why should 
this be so ? and could the enunciation be corrected for this 
case? 

Ans, Supposing, as we may, that 
m>n; 

First. When n a > 6, 
that is, when the sum b of the products is less 
than ^he product of a by the least of the num- 
bers m and it. 

Secondly. When m a<h\ 
. that is, when the sum b of the products is greater 
than the product of a by the greater of the num- 
bers fit and n. 

In either of these cases, the problem is plainly 
impossible; and, in the corrected enunciation, 
a should be the difference of the required num- 
bers, and 6 the difference of the products ob- 
tained from multiplying one of the numbers by 
m and the other by n. 

7. In what cases would the values df the unknown quan- 
tities in example 41 of art. 94 be negative ? why should this 
be so? and could the enunciation be corrected for this case? 

iliM, jFV>5/. When »t > «, 
and ait<6m, or a:b <m in; 
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that is, when th<9 first ratio is less than the sec- , 
jondy and the second is greater than unitj^ 
8eeondly. When m < it, 
and a : 6 > m : » ; 
that is, when the second ratio is less than the 
first, and also less than unity. 

In either case the problem is impossible, and 
c is to be subtracted instead of being added in 
the corrected enunciation. 

8. In what case would the value of one of the unknown 
quantities in example 46 of art. 94 be negative ? why should 
this be so? and could the enunciation be cprrected for this 
case? 

Ans. When 6 > a* ; 
that is, when the difference of the squares of the 
parts of a is to be less than the square of the 
number itself, which can QeTer be the ^se \ for 
the greatest possible difference of squares cor- 
responds to the case in which one of the parts 
is the number a itself, and the other is zero; 
and the difference of the squares is then just 
equal to the square of a. 

The enunciation is corrected for this case by 
stating it as in example 48. 

99. Corollary. It follows from example 7 of the 
'preceding section that a fraction or ratio, which is 
greater than unity, is increased by diminishing both 
its terms by the same quantity ; and a fraction or 
^tio, which is less than unity, is diminished by di- 
minishing both its terms by the same quantity ; but 
the reverse is the case, when the terms are increased 
instead of being diminished. 
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SECTION IV, 

Equations of the First Degree containing tn^ or more unkn6wn 
quantitiesu 

100. In the solution of complicated problems in- 
volving several equations, it is often found convenient 
to use the same letter to denote similar quantities, 
accents or numbers^ being placed to its right or left, 
above or below, so as to distinguish its different values. 

Thus, rt, < a", a"\ a'^ , . . . . ti^°), ifcc. 
a<i;, a(8), a(3), a(4) , . . . . a(«), &c 

1* 2* 3' 4 r «' 

'a, "Uy '"ay '^a, »a, &rc. 

*a, ^a, *a, *a, »a, &c. 

i< 9«, 3«, 4«, ^«, &'C. 

may all be used to denote different quantities^ though they 
generally are supposed to imply some similarity between the 
quantities which they represent. Care must be taken not to 
confound the accents and the numbers in parentheses at the 
right with exponents. 

101. Problem, To solve an equation with several 
unkn0wn quantities. 

Solution. Solve the given equation precisely as if 
all its unknown quantities were known^ e3:c€pt any 
one of them which may be chosen at pleasure ; and 
in the value of this unknown quantity^ which is thus 
obtained in terms of the of her unknown quantities^ 
any values whatever m>ay be substituted for the other 
8 
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unknown quantities^ and the corresponding value of 
the chosen unknown quantity is thus obtained. 
• 

102. Corollary. Ah equation which contains sev- 
eral unknown quantities is not, therefore, sufficient to 
determine their values, and is called indeterminate. 

103. Scholium. The roots of an indeterminate 
equation are sometimes subject to conditions which 
cannot be expressed by equations, and which limit 
their values ; such, for instance, as that they are to 
be whole numbers. But their investigation depends, 
in such cases, upon the particular properties of difier- 
ent numbers, and belongs, therefore, to the Theory 
of Numbers. 

104. Theorem. Every equation of the first degree 
can be /-educed to the form 

Ax '{' By + Cz +&C. + M = 0; 

in which A, B, C, 4*c. and M are known quantities, 
either positive or negative^ and x, y, z, <^c. are the 
unknown quantities. 

« Demonstration. When an equation of the first degree is 
reduced, as in art. 88, the aggregate of all its known terms 
may be denoted by Jf. Each of the oth^r terms must have 
one of the unknown quantities as a factor, and, by art. 80, 
only one of them, and that one taken but once as a factor. 
Taking out, then, each unknown quantity as a factor from 
the terms in which it occurs, and representing its maltiplier 
by some letter, as A, B, C, d&c, the corresponding unknown 
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quantities being represented by x, y^ 2, 41&c, the equation 
becomes 

-4a; + By + Cz + &c. + J!f=0. 

105. Problem. To solve any equaiion of the first 
degree. 

Solution. Having reduced the equation to the form 

Ax + By-^ Cz + &c. + Jf = 0, 

find, as in art. 101, the value of either of the unknown 
quantities, as x for instance, which, is, by art 90, 

— By — Cz — 6Lc M 

*= — — A : 

and any quantities at pleasure may be substituted for y, 

106. Problem. To solve several equations tdith sev- 
eral unknown quantities. 

First Method of Solution called that ofJEliminaiion 
by Substitution. Find the value of either of the UMr 
known quantities in one of the equations in which it 
occurs, and substitute its value thus found, which is 
generally in terms of the other unknown qtuintitieSf 
in aU the other equcUions in which it occurs* 

The new equations thus formed, together toith those 
in which this unknown quantity does not occur, are 
one less in number than 'the given equations, and 
contain one unknown quantity less, and m>ay, by a 
succession of similar eliminations be still farther re- 
duced in number and in the number of their u/tikmoiwn 
quantities, until only one equation is finally obtained; 
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and the solution of all the gii^en equatiofis is thus 
reduced to that of one equation* 

107. Corollary. When there are just as many equa- 
tions as unknown quantities, the final equation of the 
preceding solution will, in general, contain but one 
unknown quantity, the value of which maybe thence 
obtained ; and this value, being substituted in the 
values of the other quantities, will lead to the deter- 
mination of the values of all the unknown quan- 
tities. 

108. Corollary. When the number of unknown 
quantities is more than that of the given equations, 
the final equation will contain several unknown quan- 
tities, and will therefore be indeterminate ; so that 
a problem is indeterminate^ which gives fewer equa- 
tions than unknown quantities. 

109. Corollary. When the number of unknown 
quantities is less than that of the given equations, 
only as many of the given equations are required to 
determine the values of the unknown quantities as 
there are unknown quantities; and the problem is 
therefore impossible, when the values of the unknown 
quantities determined from the requisite equations do 
not satisfy the remaining equations. 

110. Problem. To solve ttpo equations of the first 
degree with two unknown quantities. 

SoluHoH. Suppose, as in art. 104, the given equations to 
be reduced to the forms 
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Case in which the roots of two Equations are Zero. 

il'a; + J5'y-f if =0: 
in which x and y are the unknown quantities. 

The value of x, obtained from the first of these equa- 
tions, is 

''- A 

which, substituted in the second equation, gives 

Zl^JZjL^ + B', + 3i' = 0. 

The value of y is found from tkiA equation, by art. 90, 
to be 

^*^ab—sb[ 

which, substituted in the above .value of z, gives >. 

r:. BM*^B 'M ' 
'''^ AB' —A'B\ 

111. Corollary, The value of ar, obtained by the 
preceding solhtiori, would be tzero, if \re had 

BM'=zB'M. 

But, id thU case, if the first of ihe ^^iven eqtiatknA is 
multiplied by B', and the second by B, these productt be- 
come, by transposition and substitqtiooy 

AB'x = — BB'y — J^'M, 

A'Bx^ — BBu^BM'^^BB'9^B'M\, 

whence 

AB'x^A'px;, , ,,,t , . . 
thai. is, ^e.^ven .e^ajtiona involvev i^. cpnji^oQ tbit two 

8* 
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Case in which the roots of two Eqmatioot are infiBite and indeterminate. 

different multiples of % are equal. Bat this is impossible, 
unless 

x = 0. 

The value of y woul4» likewiee, be zero, if we had 
A'M=AM\ 
which leads to similar eon^usiofts with regard to y as those 
just obtained with regard to x. 

112. Corollary. The denominators of the values 
of both the unknown quantities would be zero, if we 
had 

AB'rriA'B. 

But, in this case, if the fir^t of the given equations is 
multiplied by B' and the second by B, these products be- 
come, by transposition and substitutimi, 

AB'x+BB'y = B'3r, 

A'Bx + BB'^^AB'vt-\^BB'y=^BM'\ 

whence, we must have 

B'M^BM'; 
that is, they involve the impossibility that the two anequal 
quanties B' M and B M' are equal. 

Ii3. Corollary. Both the terms of the fractional 
value of SR would be zero, if we had 

BM' =z B'M, and AB' = A'B. 

But, in this case, if the 'first of the given equations is 
multiplied by S' and tbe secdnd^l^y B, the products become, 
by substitution, 

AB'x+BB'y+B'M^ii, 
A'Bi'\-BB'y+BM=:AB'x+B6y+B'Jlf==Q; 
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thtit is, the two given equations are equivalent to but one, 
and are, as in art. 108, indeterminate. 
The product of the two equations 

BJfr = B'M, and AB' =z A'B, 
is ABB'M' ^ A'BB'M, 

which, divided by BB', is 

AM' = A'M, 
so that both the terms of the value of y would also be zero. 

EXAMPLES. 

1. Solve the two equations . \ 

3x + 2y=118, . . 

Ans z SB 16, y ss 35i 

2. Solve the two equations 

^4-^ - 8 
i_l^ - 1 

3 2"";- 

Ans. X = 12, y = 6. 
'3. Solve the two equations 

■ '-^+^' =■«-»- ■; ■; 

Ans. a; =£: 3, y == 2. 
4. Solve the two equations 

ax=sby, ; 

aj + y =a e. 
\. 6.C. a c 



a-f 6' ^ "" a + 6* 
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£quatioDs of the First Degree solved by CUimiiuttion by Substitution. 

5. A says tajB, ' give me f 100, and I shall have as rnvch 
as you.' ' No/ says Bio A,* give me rather $100« and thea 
I shall have twice as much as you.' How many dollars^ has 
each? Ans, ^ $500, and jB $700. 

6. Said a man to his father, ' how old are we ? ' ' Six 
years ago/ answered the latter, ' I was one third more than 
three times as old as you ; but three years hence, I shall be 
obliged to 'multiply your age by 2^ in order to obtain my 
own.' What is the age of each ? 

Ans, The father 36, the son 15 years. 

7. A cistern containing 210 buckets, may be filled by 2 
pipes. By an experiment/ in which the first was open 4, 
and the second 5 hours, 90 buckets of water were obtaiiied. 
By another experiment, when the first was qpen 7, and the 
other Si hours, 126 buckets were obt»ned. How many 
buckets does each pipe discharge in an hour ? 

Ans. The first pipe diseborges 15, 
and the second pipe discharges 6 buckets. 

8. There is a fraction such, that if 1 be added to its nu- 
merator its value becom^a =^ i ; and if 1 be added to its 
denominator its value becomes = ^, IVhat fraction is it ? 

Ans. ^. 

9 Required to find two numbers such,^ that if the first be 
increased by a, and the second by 6^ the ^product of these 
two sums exceeds the product of the two numb^s themselves 
by c; if, on the other hand, the first be in^ireased by a', and 
the second by .6^, t]\e product of these sums exceeds the pro- 
ducts of the two numbers themselves by c'., 

Ans. The first is ■ • ' \ J =- . 

qfo — ab' 

the secotid is . ■■ » ' . 

a'^ — a 6' 
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10. A person had two barrels, and a certain quantity of 
wtne in each. In order to obtain an equal quantity in each, 
he poured out as much of the first cask into the second » as 
the second already contained; then, again, he poured out 
as much of the second into the first as the first then con* 
tained, and lastly, he poured out again as much from the 
first into the second as the second still contained. At last 
he had 16 gallons of wine in each cask. How many gallons 
did they contain originally ? 

Ans. The first 22, the second 10 gallons. 

11. 21 lbs. of silver lose 2 lbs. in water, and 9 lbs of cop- 
per lose 1 lb. in water. Now, if a composition of silver and 
co^ipeT weighing 148 lbs. loses 14|lbs. in water, how many 
lbs. does it contain of each metal ? 

\ Ans. 112 lbs. of silver, and 36 lbs. of copper. 

12. A given piece of metal, which weighs p lbs., loses e lbs. 
in water. This piece, however, is composed of two other 
metals A and B such, that pibs. of A lose albs, in water, 
and p lbs. of B lose b lbs. How much does this piece con- 
tain of each metal ? v 

Ans. i^^^^\bs.ofA, 
o — a 

and iiH^lbs-ofB/ 
6 — a 

13. According to Vitruvius, the crown of Hiero, king of 
Syracuse, weighed 20 lbs., and lost H lbs. in water. Assuming 
that it consists of gold and silver only, and that 19,64 lbs. of 
gold lose 1 lb. in water, and 10,5 lbs., of silver lose 1 lb. in 
water. How much gold, and how much silver did this crown 
contain ? 

Ans. 14,77 ... lbs. of gold, and 5,22 ... lbs. of silver. 
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* 

114 Problem. To solve any number of equations 
of the first degree with the same number of unkneium 
quantities. 

Solution. Let there be three equations with three unknown 
quantities; these equations may, by art. 104, be reduced to 
the forms 

A'x + iT'y + cz + jyr = 0, 

A"x+B''!f + C'z+M*'= 0. 
The value of x, as given by the first of these equations, is 
— Bff—Cz — M 

, = ^ ; 

which, being substituted in the other two equations, and the 
resulting equations being reduced, as in art. 104, gives 

{AB'—A'B)y+{Aa—AC)z+A3f—A'M=0, 
{AB''—A"B)fj+{Aa'—A"C)z+A3P'—A"M^0. 
These equations, being reduced, as in art. 110, give 

_ {A'C^—A"C)M'{-{A"C—AC')3I' + {Aa—A'C)M ' 
^ "" {A'B"—A"B')C+(A"B—AB")C+ {AB'—A'B)a'' 

__ {A'' B'—A'B'')M+{AB'^—A''B)3f+{A'B—AB')3f" , 
* "" Ia'B"—A"B')C+ {A"B—AB'')a+{AB^'-AB)C''' 

in which the terms are arranged in groups in order to dis-. 
play the syinmetry of the result ; and these values, being 
substituted in the value of x, give 

=. ( g C^— B C )if +(B C — jB Y7)3f +(J3 C—J? C)3f' 

^ ™ {AB"—A''B')C+(A"B—AB")C+{A B'—A'B) C 

If this method of solution be applied to a greater number 
of equations, it will le^d to similar results. 
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Examples to be' solved by Elimioatioii by Substitntioo. 



EXAMPLES. 

1. Solve, the three equations 

x+ y+ 2 = 6, 
2aj + 3y + 4z = 20, 
3^ + 7y + 52 = 32, 

Ans. 2 = 1, y = 2, « = 3. 

2. Solve the three equations 

y + ix = 4l, 
a: + iz=20J, 
y + i^ = 34. 
^115. x=z\S, y =^ 32, z = 10. 

3. Solve the three equations 

53 — ix — iz =y — 109, 
ix + |y = 26/ 
5y ='4z. 
ilns. X =64, y = 80, z = 100 
' 4. Solve the four equations 

*+ y+ z+ti=l, 
- 16x+ 8y+ 42; + 2fi = 9, 

81x+27y+ 9z4-3ii = 36, 
256x + 64y + 162 -f 4ii = 100. 
^715. X = ^, y = i, 2 = i, t< = 0. 

, 5. The sums of three numbers, taken two and two, are a, 
b, c. What are they ? 

Ans. J(a-{-6 — c), i(« + c — 6), J<& + c — a). 

6. A, B, C compare their fortunes. . A says to B, ' give 
me $700 of your money, and I shall have twice as much as 
you retain; ' B says to C, * give me $1400, and I shall h<ivc 
thrice as much as you have remaining ; ' C says to A, ' give 
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roe $420, and then I shall have 5 times as much as you re- 
tain.' How much- has each ? 

Ans. A $980, B J 1540, C 8238a 

7. Three soldiers, in a' battle, make $96 booty^ which 
they wish to share equally. In order to do this, Aj who 
made most, gives B and C as much as they already had ; in 
the same manner, B then divided with A and C; and after 
this, Cwith A and B. If, by these means, the intended 
equal division is effected, how much booty did each soldier 
make ? 

Ans. A $52, B $28, and C$ia 

8. A, B, C, />, E play together on this condition, that 
he who loses shall give to all the rest as much as they already 
have. First A loses, then JB, then C, then />, and at last 
also E, All lose in turn, and yet at the end of the 5th 
game they all have the same sum, viz. each $32. How 
much had each when they began to play ? 

Ans. A $81, B $41, C$21, i) $11, E $6. 

115. Second Method of solving the Problem of 
art. 106, called that of Elimination by Compari- 
son. Find the value of either of the vnknown quan- 
tities in all the equations in which it is contained; 
place either of the values thus obtained equal to each 
of the others, and the equations thfis formed will be 
one less in number than those from which they are 
obtained, and will contain one unknown quantity less. 
By continuing this process on these new equations, 
the number of equations taill at last be reduced to 
one. 
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EXAMPLES. 

I, To solve ang two equations of the first degree with 
two unknown quantities. 

SoliUion. These equatioiis may, as in art. 110, be reduced 
to the form's 

The values of x, obtained from these equaAi0m» M^ 

A! ' 

which, being placed equal to each lOlber, give 
^ By — M _ —B'g'^M ' 
3~ ~A' ' 

whence 

_ AM — AJ^' ' 
^ "^ AB' — A'B' 
and, therefore. 



t = 



_ BM — B'M ^ 
""^ AB' — A'J^' 

being the same values as those obtained in art ilO. 

2. Sol?e the three equations . 

1+1+1=1? 



1 1_ 1 _ 7 

2 + y, « ■" !§' 
1 _ 1 1 _ _5 

X y "• « "~ 12' 

9 



% = 
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Solution, The values of z» obiaiaed from these equatifnis^ 
are 

I2yz 

*— 13yz— 12a — 12 y' 

12 yz 

7yz— 12«+12y' 

5y2+12«— 12y' 
the first of which being placed eqaal to each of the others 
gives, by teductioD, 

y = 3; 
whence we get, from either value of z, by substitution, 
X = 2. 

3. Solve the two equations 

7y = 2x — 3y, 
19 X = 60 y + 621f 

Ans. I = 88f , y = Hf. 

4. Solve the three equations 

3x4-6y = 161, 
7x + 2z = W9, 
2y + * = 89, 
Ans. X = 17, y = 22, « = 45. 

' 5. Solve the three equations 
ac *^ y 

x+i=*' 

- + - = c, 
y « 

2 ' .. 2 _ 2 

^'^^ * - fl+6 — c' ^ "^ a — 6 + c^ * -" 6+T3i- 
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6. Sotve the tbiee equalioiis 

X 6y "^ « = 16' 

4x ^ y ^ « 72' 

l_l + f = 12l. 
6x y^z 36 

ila*. x=:6, y = 9, «=z:.^ 

J 

7. A person has two horses, and two saddles one of which 
cost $50, the other $2. If he places the best saddle upon 
the first horse, and the worst upon the second, then the latter 
is worth $8 less than the other ; but if he puts the worst 
saddle upon the first horse, and the best upon the other, then 
the latter is worth 3f times as much as the first. What is 
the value of each horse ? 

Ans. The first $30, the second $70. 

8. What fraction is ihat, whose numerator being doubled, 
and denominator increased by 7, the value becomes f ; but 
the denominator being doubled, and the numerator increased 
by 2, the value becomes f ? Ans. ^. 

9. A wine merchant has two kinds of wine. If he mix 
3 gallons of the worst with 5 of the best, the mixture is worth 
$1 per gallon ; but, if he mix S^ gallons of the worst with 
8f gallons of the best,* the mixture is worth $1,03^ per 
gallon. What does each wine .cost per gallon ? 

Ans. The best $1,12, the worst $0,80. 

10. A wine merchant has two kinds of wine. If he mix 
a gallons of the first with b gallons of the second, the mix- 
ture is worth c dollars per gallon ; but, if he mix a! gallons 
of the first with b' gallons of the second, the mixture is 
worth c' dollars per gallon. What does each wine cost per 
gallon ? 
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Ans. m first <^±*>*^<^:+±)*^doU«.. 

• the second ^ ' \^ ^, doUm. 

11. Three masons, A^B, C, are' to build a wall. A and 
Bi jointly, could build this waR in 12 days ; B and C could 
accon^ish it in 20 days ; A and C would do it in 15 days. 
What ttoie would each take to do it alone ? 

Am. A requites 20, B 30, and C (SO days. 

12. Three laborers are employed in a certain work. A 
and B would, together, comj^ete it in a days ; A and C re- 
quire h days; B and C require c days. In what time 
would each accomplish it singly t 

-. 2a6c , ^. 2ah c . 

Ans. A in t — j r days, B tn = — *-. r dayt, 

bc-^-ac — ab bc-^^ab — ac 

^. 2a6c 

C m -^-j r- daya^ 

aD + ac — be ^^ 

13. A cialern may he filled by three pipes, A^ JB, C. By 
the pipes A and B,' it could be filled in 70 minutes ; by the 
pipes A and C, in 84 minutes ; and by the pipes B and C, 
in 140 minutes. In what time would each pipe fill it? 

Ans. A in 105, B in 210, and C in 420 minutes. 

14. A, B, p play fkro. In the first game A has the 
bank, B and C stake the tliird paft of their money, and win. 
In the second game J9 has the bank, A and C stake the 
third pait of their money and also win* Then C takes the 
bank, A and B stake the third pdrt of their money and also 
win. After this third game they count their money, and 
find that thejr have all the same sum of 64 ducats. How 
much had each when they began to play 1 

Ans. A had 75, B 63, and C54 dncatn. 
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15. Five friends, A^ B, C, D, E, jointly spend $879 at an 
inn. This sum is to be paid by one of them ; but on count- 
ing the dollars they had in their pockets, they find that none 
of them had, alone, enough for this purpose. If, then, one 
of them is to pay it, the others must give him a part of their 
money. A can pay, if he receives one fourth ; B, if he 
receives one fifth ; C, if he receives one sixth ; D, if he re- 
ceives one seventh ; and JE, if he receives one eighth of the 
others' money. How much has each ? 

Ans. A 9319, B $459, C543, I) $599, E $639. 

116. .Third Method of solving the Problem of art. 
106^ called that of Elimination by Addition and Sub"" 
traction. 

Solution, This method is generally inapplicable to tran- 
cendental equations, but otherwise, to equatiops of any de- 
gree whatever ; that is, it is a method which can be success- 
fully applied in all such cases to eliminate one unknown 
quantity after another, until the given equations are reduced 
to one. 

I7i order to eliminate an unknown quantity, from 
two equations which contain it^ reduce them as in arts, 
79 and 88, and arrange their terms according to the 
powers of the quantity to be eliminated, taking out 
each power as a factor from the terms which contain 
it. 

It being now recollected that the second member of each 
of these equations is zero, it will appear evident that, if the 
first members are divided one by the other, the remainder 
arising fVom this division must likewise be equal to zero; 
for this remainder is the difference between the dividend 
and a certain multiple of the divisor^ that is, between zeio 
and a certain multiple of zero. 
9* 
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Elimiiiatkm by Addition and Subtrftctko. 

Mencej divide one of these first members by the other, 
and proceed, as in arts, 46, S^n,, to find their greatest 
common divisor; each successive remainder may be 
placed equal to zero. But a remainder will at last be 
obtained^ which does not contain the quantity to be 
eliminated ; and the eqtuiiion, formed from placing 
this remainder equal to zero, is the equation from 
which this quantity is eliminated. 

By eliminating, iti this way, the nnkntnon quantity 
from either of the equations which contain it, taken 
with each of the others, a number of equations is 
formed one Uss than thai of the given equations, tmd 
containing one less unknown quantify ; and to which 
this process of elimination may be again applied until 
one equation is finally obtained. 

117. Scholium. It sometimes happens, that the first 
members have a common, divisor which contain the 
given unknown quantity j and, in this case, the pro- 
cess cannot be continued beyond this divisor. 

But as the given first members are multiples of their com- 
mon divisor, they must be rendered equal to zero by those 
values of the unknown quantities which render the common 
divisor equal to zero; that is, the two given equations 
are satisfied by such values of the unknown quantities ; so 
that, though they are in appearance distinct equations, they 
are, in reality, equivalent to but one equation, to the equa- 
tion formed by placing their common divisor equal to zero. 

118. Scholium. Care must be taken that no factor 
be suppressed which may be equal to zero. 
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EXAMPLES. 

1: Obtain one equation with one unknown quantity from 
the two equations 

X3 -I- y x2 — y3 ^ 5 =: 0, 

jt3 _|. y2 a: _ 5 — 0^ 
by the elimination of z. 
Solution, Divide the first members as follows : 



4-yx2— y3 ^5 
+ y^x — 5 



+ ^^x — 5 



I 



IstRem. yx2— y2x--y3^10. 

Divide the preceding divisor by this remainder after mul* 
tiplying by y to render the first term divisible. 

y^^+y*^ — 5y \yx^ — y«jc — y^^jQ 

yx3 — y2g2 — y^x-{-lOz\ x -j-y 
y2x2^(2y3_i0)x — 5y 

tf2x2 — y3 X — y^-j-lOy 

2d Rem. (3y3 _ 10) a; + y* — 16y. 

Divide the preceding divisor ^by this remainder after mal- 
tiplying hj (3y^ — 10) to render the first term divisible. 

. tfx^ — y^x — y^+AQ 
3 y3_io 

100 



8y3 


yz2— Syo 


X— 3y6 — 


—10 


+ 10y» 


+ 40y8 


3y3 


yx*+ y^ 


s 


— 10 


— 15ya 





— 4^*^ 
+ 25y2 



3y3 
— 10 



— 15y 



X _ 3y« 
+ 40y« 



100 



+25y2 

Multiply by 
(3ya-l()), 



3y3 -^ 10 



(3y3_io)(_4y5-^25ya)x— 9y0-t-15(^«— 700y3+1000 
(3y8— 10)(— 4ys-[,25ya)x— 4yg-f 85y«— 375y8 

— 5y9 +65 »— 325y3 + 1000, 
whence the required equation is 

— 6y^+65y« — 3a5y« + 1000 = 0. 
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2. Obtain one equation with one unknown quantity from 
the two equations 

x6 4-y* =6, 
by the elimination of x, 

Ans. (y3 _ a)5 _ (yft — 5)3 = 0. 

3. Obtain one equation with one unknown quantity from 
tde two equations 

x2 + y2 = 2, 
X* + x3 y + 2)2 y2 + X y 3 + y* = 1 , 
by the elimination of x. 

Ans, y 8 _ 4 y6 ^ 14 y4 _ 20 y2 _|. 9 -- 0. 

4« Obtain one equation with one unknown quantity from 
the two equations 

x3 + y3 = 0, 
by the elimination of x. 

Ans. 4y« — 6y* +9y» — 1 = 0. 

5. Obtain one equation with one unknown quantity from 
the two equations 

xa + y x2 4- X + y = 4. 
' ' x3+x2+yx = 3, 

by the elimination of x. 

Ans. Either y — 1 = 0, 

' or y2 — 3y +21 = 0. 

6. Obtain one equation with one unknown quantity from 
the three equations 

ic + y + « = a. 
xx + xy-f-y«r=6, 
a;yzr=:c, 
by the elimination of x and y^ 

Am. z3 — |i;g2 ^hz — c = 0. 
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7. Obtain one equation with one mknowa qimiility from 
the three equations 

«jr-f x2 + y« = e, 
bj tlie eliminttion of s and y, ' 

Ans. These three equations inrolve an impos- 
sibility unless a^ — 6 — 2cac:0; 
and in case this equation is satisfied by the 
given values of a, b, and c, the three given 
equations are equivalent to but two, one of them 
being superfluous, and, by the elimination of x, 
they give the indeterminate equation with two un- 
known quantities 

^^ -Hyz + 2* — ay — a«-f~c = 0. 

8. Obtain one equation with one unknown quantity from 
the three equations 

X + y2 =, 4, , 

« + xa = 10, 
by the elimination of x and y. 

Ans. «« — 8 «« + 16 «* + z — 10 = 0. 

9. Obtain one equation with one unknown quantity from 
the four equations 

x + y + « + ti = a» 
xy'\-xx^xU'^yZ'\-tfU'\-zu=zb^ 
xyz'{'xyu')^xxu-{'yzu^c, 
xyzuzsiC^ 
by the elknination of x, y, and z. 

Ans. ti* — a«3 + hu* — cir 4-< = 0- 
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Examples of Eliminatioo by AdditiMi and Subti^aedoo. 
19. SoIto the two equations 

yx{^x^ + l) — x^ + x = 6. 
Solution, The elimioation of a: gives 

3y — 3 = 0, or y = 1; 
which, being substituted in the first of the given equations, 
produces x = 3. 

11. Solve the two equations 
x2y4_8y2ic2^16x2=:90a;y-|-60(a:— y2)— 720(y— 1), 

6—— -^-T^ 

iln5. x =i= 4, y = 2. 

12. Solve the three equations 

' X y z '■{' z^ = 15, 
xy^ '\'X^y — 2x4-2x = 8. 

Ans. X = 2, y=:l, er=r3. 

119. Problem, To solve two equations of the first 
degree by Elimination by Addition and Subtraction. 

Solution. The given equations may, as in art. 110, be 
reduced to the forms 

Ax + By + M = 0, 
A'x + B'y + M'=:0. 
The process of the preceding article, being applied to 
ihese equations in order to eliminate x, will be found to be 
• the same as to 

Multiply the first equation by A' the coefficient ofx 
in the second^ multiply the second by A the coefficient 
ofx in the first y and subtrat^ (he first of these pr(h 
ducts from the second. 
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Thus, these products are 

AA'X'\.AB'2/ + ^^' = ^'y 
and the difference is 

{AB' — A'B)y + A3r — A'M=:0; 
whence 

_ A'M — AB^ 

^ '^ AR —A'B' 

In the same way y might have been eliminated by multi- 
plying the -first equation by B\ and the second by B, and 
the difference of these products is 

{AB' — A'B)Z'^B'M—BM' = (i; 

whence 

_ BM' — B'M 

^'^ AB'—A'B' 

the Talues of x and y thus obtained being the same as those 
given in art. 110. 

120. Corollary. This process may be applied with, 
the same facility to any equations of the first degree. 



SXAlfPLES. 

1. Solve, by the preceding process, the two equations 

13x + 7y — 341 == 7Jy +*43Ja;, 
2a: + Jy = l. 

^fts. X ==—12, y = 50. 

2. Solve> 1>y the preceding process, the two equations ^ 

An$. X :fc 12, jT = 16* 



Examples of EKmination by AdditioQ and Subtraction. 



3. SdTe, by the preceding process, the three * 

x+ y + z = 30; 

Sx + iy + 2z = 50, 

27x4-9y + 32 = 64. 

Ans. 2 = §, y = — 7, 2 = 36J. 

4. Sohe, by the preceding process, the three equations 

3x— I00 = 5y-f360, 

2ix + 200= 16i« — 610, 

2y + 3z = 648. 

Ans. x = 360, y = 124, z = 100. 

5. Solve, by the preceding process, the foar equations 

x — 9i/ + Bz — l0u =21,. 

2x + 7y— z— ti = 683, 

3a: + y-l-624^ 2ti=195, 

4a;_6y — 22+ 9tf==516, 

Ans. X = 100, y = 60, 2 = — 13, « = — 50. 

6. Solve, by the preceding process, the four equations 

*^ + iy + ?^ = 58, 
i» + iy + i« = 76, 

ix + i2 + itt = 79, 
y + 2 + tt = 248. 
Ans. X = 12, y = 30, 2 = 168, ti = 50. 

7. Solve, by the preceding process, the six equations 

x+2f + z + t+u = 20, 
x-|ry + 2-j-«< + «^ = 2l, 
x + ff + z + t + w = 22, 
x + y+ti + ^ + «^=23, 
x-+-« + « + '-|-«^ = ^» 

ilns. X = 2, y = 3, 2 = 4, 11 = 5, ^ = 6, y.=: 7. 

8. A person has two large pieces of iron whose weight is 
required* It is known that f ihs of the first piece weigh 
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96 lbs. less than }tl)s of the other piece; and that f ths of 
the other piece weigh exactly as much as f ths of the first. 
How much did each of these pieces weigh ? 

Ans. The first weighed 720, the second 512 lbs. 

9. $2652 are to be divided amongst three regiments, m 
such a way, that each man of that regiment which fought 
best, shall receive $l,.and the remainder is to be divided 
equally among the men of the other two regiments. Were the 
dollar adjudged to each jnan in the first re^ment, then each 
man of the two remaining regiments would receive $j; if 
the dollar were adjudged to the second regiment, then each 
man of the other two regiments wouki receive $ ^; finally, 
if the dollar were adjudged to the third regiment, each man 
of the other two regiments would receive $^ What is the 
number of men in each regiment? 

Ans, 780 men in the first, 1716 in the second, 
and 2028 in the third regiment. 

10. To find three numbers such that if 6 be added to the 
first and second, the sums are to one another as 2 : 3 ; if 5 
be added to the first and third, the sums are as 7 : 11 ; but 
if 36 be subtracted from the second and third, the remain- 
ders are as 6 : 7. 

Ans. 30, 48, 50. 



10 
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CHAPTER IV. 

Powers and Roets. 

SECTION I.. 
Powers and Roots of Monomials. 

121. Problem. To find any power of a monomial. 

Solution. The rule of art. 25, aj^lied to this case, in 
which the factors are ail equal, gives for the coefficient of 
the required power the same power of the given coefficient, 
and for the exponent of each letter the given exponent added 
to itself as many times as there are units in the exponent of 
the required power. Hence 

Raise the coefficient of the given monomial to ike 
reared power; and mnltiplt/ each exponent by ike 
exponent of the required power. 

122. Corollary. An even power of a n^ative quan- 
tity is, by art 27, positive, and an odd power is nega- 
tive. 

EXAMPLES. 

1. Find the third power of 2a> 6& c. Ans. Sa^ b^^ c^. 

2. Find the mth power of a* . Ans. a* *. 

3. Find the — mth power of a». Ans. or-"* 

4. Find the mth power of a— ». Ans. a-'** 

5. Find the-*- mth power oCa~~". Ans. a**. 

6. Find the 6th power of the 5th power of a^ b c^. 

Ans. a»oj80c6o. 
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7. Find the qth power of the — jptb power of the «th 
power of a— «. ^ Ans. O^^Pt. 

8. Find the rth power of «-• fir-* c? rf. 

9. Find the — 3d power of cr » 6« c »/* ar i. 

Ans. a^h-^c^^f-^^x^. 

10. ' Find the 4th power of ---r> Ans. 






11. Find the — 2wlh power of the — let power of 

Ans, 



cd^ 



12. Find the 5th power of —2 a*. Ans. — ,32ai«. 

13. Find the 4th power of —36-3. Ans. 81 6-^ 

14. Find the 5th power of the 4th power of the 3d power 

of— a, Ans. a^. ^ 

15. Find the — 5th power of the —3d power of — a. 

Ans. :— ai*. 

16. Find the — 4th power of the — 3d power of — -. 

Ans. j^. 

123. To find any root of a monomial. 

Solution. Reversing the rale of art. 121, we obtain ini'- 
mediately the following rule. 

Extract the required root of the coefficient j and 
divide each exponent by the exponent of the required 
root. 
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124. CoroUary. The edd root of a positive quan- 
tity is, by art. 182, positive, and that of a negative 
quantity is negative. The even root of a positive 
quantity may be either positive or negative, which is 
expressed by the double sign ± preceding it. But, 
since the even powers of all quantities, whether posi- 
tive or negative, are negative, the even root of a 
negative quantity can be neither a positive quantity 
nor a negative quantity, and it is, as it is called, an 
imaginary quantity. 

126. Corollary. When the exponent of a letter is 
not exactly divisible by the exponent of the root to 
be extracted^ a fractional exponent is obtained, which 
may consequently be used to rejpresent the radical 
sign, 

EXAMPLES. 

1. Find tlie mih root of a*"» Ans. a«. 

2. Find the mth root of a~«". Ans. or-*. 

3. Find the square root of ^a^h^f- i2^8» 

Ans. i 3 a^ bf-^g- *»•. 

4. Find the 4th root of 4-^— i-«- ^««. =t . . 

6. Find the 9th root of — 23 6a*»6». Ans, —2* a^b. 

6. Find the mth root of a\ n 

Ans. am, 

7. Find the with root of — . , 1 - " 

a* Ans. ~ = fl »• 
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8. 


Fmd the wth root of r-. 


Ans, dr h"^ c * e * 


9. 


Find the 6th root of — a^. 


Ans. —a*. 


10. 


Find the square root of a. 


Am. a* 


11. 


Find the 3d root of -^ a. 


An$. — a*. 


12. 


Find the mth root of a. 


1 
Ans. a*. \ 



126. Corollary. By taking out — 1 as the factor of 
a negative quantity, of which an even root is to be 
^xtracted,^ the root of each factor may be extracted 
separately. 

EXAMPLES. 

1. Find the square root of — a^. Ans, a\/*— 1. 

2. Find the 4th r#ot of — a* 6^ ^3 Ans. a h^ c* ^/— 1 . 

3. Find the 8th root of —a. Ans. a^v^— 1. 



SECTION II. 
Calculus of Radical Quautitles. 

127. Most of the difficulties in the calculation of 

radical quantities will be found to disappear if frcuy 

tional exponents are substituted for the radical signs^ 

' and if the ndes^ before given for exponents^ are cy- 

pUed to frtzctional exponents. 

In the results thus obtained, radical signs may 
again he substituted for the fractional exponents; 
10* 
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buty before this substitution is made, the fractional 
exponents in each term should be reduced io a comtnon 
denominator^ in order that one radical sign mny be 
sufficient for each term. 

When numbers occur under the radical sign, they 
should be separated into their factors, and the roots 
of these factors should be extracted as far a$ pos- 
sible. 

Fractional exponents greater than unity should 
often be reduced to mixed numbers. . 

EXAMPLES. 
3 3 

1. Add together 7 V 54 a3 65.c3 and "6\^l6a^ b^ c^. 
Solution. )Ve have 

7/v/64«3 6* c3 = 7 V2 . 33 . a3 6* c == 7 . 2* 3. a 6* c 
= 21.2*.a6^"*"*c = 21.2*a6 6*c 

3 

= 2la6c iv/262. 

8VA6a»fc«ic3 = 3V2*a3 66c = 3.2*.fl6*c 

.=3.2.2*a66*c=6a6cV26a, 
whence v 

7V54d»6»c«-f3v'16a®ft*^c3=21a6c\/26«+6fl6cV262 

3 . . 

• ==27a6cV262. 

2. From the sum of v^4 and ^5^ subtract a/O, 

4ns. i^6. 

3. From the Bum of V45 c« and ^/5 a^ c subtract is/80c». 
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mm m 

4. Find the continued product of \/a, /^b, and /y/c. 

\ " ■ m ' 

Ans. \^a b c« 

n n ■ H 

5. Find the continued product of a \^x, b Vy* ^ s/^- 

•» 
An$, abcs/xy%, 

6. Multiply cs/a by 6\/a. Ant, a be. 

3 4 ]2 7 

7. Multiply V« by \^a. Ans. is/a^ = a". 

8. Multiply t^a by V^* -A»«. « *" = s/a^-V^ 

9. Multiply \/o^ by V^*^- ^»w. a^ = a* V'a*. 

10. Find the continued product of «" , a , a ~ * 

11. Multiply 6-2^a-3 ^y a*6*c. 






158. Multiply ^^ by -^^-. 

Ans. «V6V* = a/l^. 

13. Multiply 3 + \/5 by 58 — ^5. iliw. 1 — V^S. 

14. Multiply 7 + 2 V6 by 9 — 6 V6. 

^ns. 3 — 17V6. 
16. Multiply 13 — V5 by 7 + 3 V^ 

Am. 76 + 32V4. 

16. Multiply f + I Vi by i — 7 Vf 

Anz^ ^8— VVi' 

17. Multiply —5 — Vi by — 6 + V*- -A»«- 24^. 



116 ALGEBRA. [CH. IT. ^ II. 

Examples in the Calculus of Radical quantities. 

18. Multiply 9 + 2 \/10 by 9 — 2 \/10. Ans. 41. 

19. Multiply 2V8 + 3\/5 — 7V2 by V 72 — 6^/20 
— 2v^. Ans. — 174 + 42V10. 

2D. Multiply a + \^b by a — \^b. Ans. a^ — b. 

21. Multiply v/^ + V^ by \/« — V^« -^^«« « — *• 

3 3 

22. Multiply \/fl + c ^6 by ^a — c \/6. 

Ans. a — c^ \^b^. 

4 5 4 5 

23. Multiply \^a^ + ^b^ by \/a8 — \^b^. 

5 

24. Divide Va by \^b. a *l^ 

25. Divide a by \/a. Ans. k/a. 

3 

26. Divide 2a6>c3 by 4Va^&c^^ 

27. Divide is/a^ 6 c by \/a 6* c^. ^ n^ 

28. Divide Jf by J|. An,. j|. 

29. Divide a" bya«. Am. a "» . 

80. Divide CO* by flf a*. Ans. — ^ — . 

dis/ a ^ 

81. Divide a* 6* by oT^ b"^ c. , 02^/6^ 

ilni. ^ — . 

c 

«, Divide f^* by £1^ An,.^-^^ 
e*d^ b^c d^ 
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128. Problem. To free an equation from radical 
quantities. 

First Method of solution. Free the equation from 
fractions, as in art. 86. - 

Bring all the terms multiplied by either of the 
radical quantities, whether they contain other radical 
quantities or not, to the first m^emher, and ail the 
other terms to the second member of the equation. 
Raise bath nembers of the equation to that power, 
which is of the same degree with the root of the radi- 
cal factor of the first member, and this radical factor 
will be made to disappear ; and by performing the 
same process on the new equation thus formed, either 
of the other radical quantities may b^ made to disap- 
pear, and in m,ost cases which occur in practice it will 
be found that the equation can, in this way, be freed 
from radical quantities. 

,^ EXAMPLES. 

1. Free the equation 

(a + x)i^(b+x)i-{c-{.x)i 
from radical quantities. 
Solution. The square of this equation is 

hence, by transposition, 

the square of which is , 

4(6 + x) (c + x) = (z — fl-f & + c)«. 
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To free mi Equation from Radical quantities. 
3. SolYe tte eqaaikm . 

m 

^x = a. 

Ans, a; = d". 

3. Solve the equation 

6(9Jc^l)* = 2(1212 + 4)* 

Ans, X = 1. 

4. Solve the equation 

(16 + a:2)* — 2=2. * 

Ans. X = 3. 

5. Solve the equation 

(21+4x)*= (3 + x)* + (8 + x)*. 

Ans, X = 1. 

6. Free the equation 

(7 + x»)i = (x-2)* + l 
from radical quantities. 

Ans. 4x3_17x2 + 34x=57. . 

129. Scholium. There are cases, however, in which the pre- 
ceding method of solution is inapplicable on account of (he 
new radical quantities which are introduced by raising the 
second member to the required power ; but in all cases the 
following method will be found successful. 

130. Second Method of solving the problem of art. 
128. Place each of the radical quantities equal to 
some letter not before used in the equation^ and raise 
the equations thu>s formed to that power which is of 
the same degree with the root of its radical quantity , 
and substitute in the given equation for each radi- 
cal quantity the corresponding letter. If ihen, each 
letter f^thus introduced,^ is considered to represent a 
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new unknown quantity y the new equationSj thus fortnr 
ed, are of the same number with thai of their unknown 
quantities; and^ since they are free from radical 
quantities^ aU their unknown quantities but one can 
be eliminated by the method of art 116. 



SXAMPLES. 

1. Free the equation 

(x2+3;-^.l)4_(x2_x-J-l)i=: 1 

from radical quantities. 
Solution. Place 

y = (a:2+x + l)* 

whence 

y3=x2 + x + l, 

23 — : ar2 2 + 1 ; 

and the given equation becomes 

y — z=:h ^ 

If y and z are eliminated between .these three equations, 
the resulting equation is 

27 I* — 8 ar3 -(- 39 xa — 6 X + 28 = 0. 

2. Free the equation 

(x + x2)* ^{l^x2)i^l, 

from radical quantities. 

Ans. 6x* + 2x» + Uz^ — a; + 8 = 0. 

1^1. When, in an equation, the same quantity is 
affected by different radical signs, these radical signs, 
expressed by fmctional exponents, may be reduced to 
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a common denominator, and, if a letter is placed equal 
to that root of this quantity, which is of a degree 
represented by the common denominator, these dif- 
ferent radical quantities may be represented by the 
powers of 'this letter. 

EXAMPLES. 

1. Free the equation 

(a+x)*+^(a+x)* + B(ii+2)*+C(a+x)*+*=0 
firom radical quantities. 

Solution, This equation becomes, by reducing all its frac- 
tional exponents to the same denominator, 

{a+x)*+A{a + x)^+B{a+x)^+C(a + x)*^0; 
whence, if we place 

we have 

or - y5 + ^y3 + By. +C=0; 

the solution of which gives the value of y, which, being sub- 

stitute<f in 

ar = yi» — a, 
gives that of x. 

2. Free the equation 

{X -f X3)* + (x + x3) + (2 + »3>* ::= a 

from radical quantities. . . 

Ans, From the equation 

y^ + y^ + y* = « 

obtain the value of y, and substittlte it in 
ic3 + X = y«. 



y = (a -j- i)^^, or y *2 = a -}- 2, 
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.3w Sdvedhe equation 

* = 3 (8 

^115. z = 358. 



(2x+13)* = 3(8x.+ 13)* 



4. Solve the equation 

Ans, X = 5. 



Powem of Myson^ials, 
132. Lemma. If a polynomial . > , > 

is such, a^ to be equal to zero independenSlyA>fXf that 
is, if it is equal to zero %ahatever values are given to 
X, it must always he the case thaP 

^ = p, J5 = 0, C = 0, /> = 0, ^ =; 0, <fcc. ; 

that is J that the aggregate of all the ^efficients of each 
power of X is equal to zero, and also the aggregate of ^ 
aU ihe^terms which do not contain x is equal to zero. 

Demonstration. «Since the equation 

X + ix+Cx2 + i>«3 + &C.=*0 * * 

18 true for every value which can be .given to i^ it n^ust be 
true^^.irejnake , ' 

2 = 0; 

in which cas^ril the terms ,of the ilrst ttiember vanish ex- 
cept the first, and we have 

•-•*'.' .1 = 0. .'■■'■ 

11 
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124. CoroUary, The odd root of a positive quan- 
tity is, by art. 122, positive, and that of a negative 
quantity is negative. The even root of a positive 
quantity may be either positive or negative, which is 
expressed by the double sign ±: preceding it. But, 
since the even powers of all quantities, whether posi- 
tive or negative, are negative, the even root of a 
negative quantity can be neither a positive quantity 
nor a negative quantity, and it is, as it is called, an 
imaginary quantity. 

126. Corollary. When the exponent of a letter is 
not exactly divisible by the exponent of the root to 
be extracted, a fractional exponent is obtained, which 
may consequently be used to rejpresent the radical 
sign. 

EXAMPLES. 

1. Find the mih root of «*» Ans. a». 

2. Find the wth root of a— «». Ans, a-\ 

3. Find the square root of 9a* h^f- i^g-^\ 

Ans. ^Sa^tf-^g-^*. 

4. Find the 4th root of ^^:^. Ans. ±""1^. 

6. Find the 9th root of — 2^ e a* » A». Ans. — 2* a» 6. 

6. Find the mth root of a», « 

Ans. am. 

7. Find the wth root of — . 1 - " 

a" Ans. "^ = « ■• 
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a" bf 

8. Find the mth root of r-. 

9. Find the 5tli root of — aB. 

10. Find the square root of a. 

11. Find the 3d root of -^ a. 

12. Find the mth root of a. 



126. Corollary. By taking out — 1 as the factor of 
a negative quantity, of which an even root is to be 
Qxtracted,^ the root of each factor may be extracted 
separately. 

EXAHPUBS. 



Am. a" 6" c * « 




An$. —a*. 




Am. J. 




Ans. —a* 




Ans. a-. 


\ 



1. Find the square root of — a^. Ans. a\/ — 1. 

2. Find the 4th reot of —a* 6« c^ Ans. a h^ c* V— 1. 

3. Find the 8th root of —a. Ans. a^ a/-^!. 



SECTION II. 
Calculus of Radical QuaDtiOes* 

127. Mast of the difficulties in the calculation of 

radical quantities will be found to disappear if frao^ 

tional exponents are substituted for the radical signs^ 

* and if the rviesy before given for exponents^ are ap-- 

plied to fractional exponents. 

In the results thus obtained^ radical signs tniay 
again he substituted fnr the fractional exponents; 
10* 
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Examples in the C^alui of Radical quantities. 

buty before this substitution is made, the fractitnial 
exponents in each term should be reduced io a common 
denominator, in order that one radical sign mny be 
sufficient for each term. 

When numbers occur under the radical sign, they 
should be separated into their factors, and the roots 
of these factors should be extracted as far as paa- 
sible. 

Fractional exponents greater than unity should 
often be reduced to mixed numbers. . 

EXAMPLES. 
3 3 

1. Add together 7 V 64 a3 6^c3 and "6\^i6a^ b^ c^. 
Solution, )Ve have 

7/v/64«3 6* c3 = 7V2.33 .a^b^c = 7.2* 3. a6*c 

= 21.2*.a6^"*"*c=:21.2*a66*c 

3 

= 2la6c j^2b^. 



8V16a»fc«^c3 = 3V2*a3 66c = 3.2*.fl6*c 
.=3.2.2*a66*c=6a6cV26«, 



whence 

7V54d»6»c«-f3v'16a®ft*^c3=21a6c\/2ft2^6fl6cV'262 

• == 27 a6cV262. 

2. Frpm the sum of v^4 and \/54 subtract V^ 

Atts. i^6, 

3. From the Bum of V45 c« and V^ a^ c subtract is/^Oc^. 

Am. (a*T-jC).\/*c- 
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m m m 

4. Find the continued product of ^a, \/b, and \^c. 

\ ' • m ' 

Ans, \/a b c» 

5. Find the continued product of a is/x^ h f^/y, e h/z. 

■» 
Ans, ahc/^xyzi 

6. Multiply r/v/a by fr\/a. Ant, ahc, 

3 4 32 7 

7. Multiply \^a by \/ii. Ans. s/a^ = a^^. 

8. Multiply Va by a/u. Ans. a *" = v^a«+v 

9. Multiply Va^ by v^fl^ ^»5. a^ = a* y^a^ 

10. Find the continued product of «" , a% ii~ ^ 

11. Multiply A-2^^-3 by a*i*c. 
a*6 



A«. .-6-^ = 1;/^. 



158. Multiply -^ by — - 
5* rt r^ 



c* c 



13. Multiply 3 + ^5 by 58 — ^5. Ans. 1 — ^5. 

14. Multiply 7 + 2 V6 by 9 — 6 V6. 

^«s. 3 — 17V6. 
16. Multiply 13 — V6 by 7 + 3\/5. 

Ans, 76 + 32 VS. 

16. Multiply J + I >/ J by J - 7 Vi. 

ilns^ — .8 — ^ Viv 

17. Multiply — 5 — Vi by — 6 + Vi. Ans. 24^. 
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Examples in the Calculus of Radical quantities. 

18. Multiply 9 + 2 iv/10 by 9 — 2 a/10. Ans. 41. 

19. Multiply 2V8 + 3V5 — 7V2by V72 — 6^20 
— 2v^. Ans. — 174 + 42V10. 

2D. Multiply a + V* by a — \/6. Ans. a^ — b. 

21. Multiply \/a-\-\/b by \/a — ^b. Ans. a — b. 

3 3 

22. Multiply ^a -\- c \/6 by \/a — e \/b. 

3 

Ans. a — c^ \^b^. 

4 5 4 5 

23. Multiply ^/a^ + ^6* by Va8 — \^b^. 



24. Divide a/o by V^. 



J^ 



25. Divide a by \/a. Ans. s/a. 

3 

26. Divide "Xab^ c^ by 4v'a«6c»rf. 

'6* c* 



Ans. ij-^ 



3 5 J. 

27. Divide s/a^ b c hy s/a 6* c^. | a^ 



iiitf. 



28. DWide JJ by Jf. ' Ans. jV 

29. Divide a" by a». Ans. a »» . 

80. Divide CO* by flfa^ Ans. — ^ — . 

dis/a 

81. Divide a* 6* by a""^6~^c; ^ a^^b^ 

Ans. -— — — • 
c 

2St. Di?ide — by Ant. — , 

c*d' i*c d" 
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128. Problem. To free an equation from radical 
qtutntities. 

First Method of solution. Free the equation from 
fractions, as in art. 86. - 

Bring all the terms multiplied by either of the 
radical quantities, whether they contain other radical 
quantities or not, to the first memher, and cM the 
other terms to the second member of the equation. 
Raise both nembers of the equation to that power, 
which is of the same degree vnth the root of the radi- 
cal factor of the first member, and this radical factor 
mil be made to disappear; and by performing the 
same process on the new equation thus formed, either 
of the other radical quantities may be m>ade to disap- 
pear, and in m,ost cases which occur in practice it will 
be found that the equation can, in this way, be freed 
from, radical quantities. 



,^ EXAMPLES. 

1. Free the equation 

(a + x)* = (ft + «)^ — (c + a;)* 
from radical quantities. 
Solution, The square of this equation is 

a + x = 6 + a;~2(6 + x)^(c + z)^ + c + 2: 
hence, by transposition, 

2(6 + x)^(c + x)^ = x — arh>+«. 
the square of which is 

iib + x) (c + x) = {x-a + b + cy. 
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To free mi Equatkm from Radical quantities. 

2. Solve tte eqaaikm . 

M^/x = a. 

Ans. a; = d* . 

3. Solve the equation 

5(9ie^l)* = 2 (1212 + 4)* 

Ans. X = 1. 

4. Solve the equation 

(16 + a:2)i_x=2. ' 

Am. X = 3. 

5. Solve the equation 

(21+4a:)*=(3 + x)* + (8-|-x)*. 

An$, X ^ 1. 

6. Free the equation 

(7 + x»)* = (x-3)* + l 
from radical quantities. 

Ans, 4x3_17x2+34x = 57. , 

129. Scholium. There are cases, however, in which the pre- 
ceding method of solution is inapplicable on account of (he 
new radical quantities which are introduced by raising the 
second member to the required power ; but in all cases the 
following method will be found successful. 

130. Second Method of solving the problem of art. 
128. Ptocc each of the radical quantities equal to 
some letter not before used in the equation^ and raise 
the equations thu>s formed to that power which is of 
the same degree ttnth the root of its radical quantity ^ 
and substitute in the given equation for each radi^ 
cal quantity the corresponding letter. Tf ihen, each 
letter f^thus introduced,- is considered to represetit a 
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- — . ■ I. , I , .^ 

To free an Equation from Radical quantities. 

new unknown quantity , the hew equations, thus formr 
ed, are of the same number with that of their unknown 
quantities; and, since they are free from radical 
quantities, aU their unknown quantities but one can 
be eliminated by the method of art, 116. 



EXAMPLES. 

1. Free the equation 

(x2 + a: -h 1 )* — (x2 — z + 1 )* = 1 
from radical quantities. 
Solution. Place 

whence 

^3 = x2 _ X -f 1 ; 
and the given equation becomes 

y — % = 1. 

If y and z are eliminated between. these three equations, 
the resulting equation is 

27 X* — 8 ar3 + 39 x2 — 6 X + 28 = 0. 

2. Free the equation 

(x + x2)* +(1 +z2)*==l. 
from radical quantities. 

Ans. 6x* +2x3 + 14x2— x + 8 = 0. 

1^1. When, in an equation, the same quantity is 
affected by different radical signs, these radical signs, 
expressed by fmctional exponents, may be reduced to 
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To free an Equation from Radical quantities. 

a common denominator, and, if a letter is placed equal 
to that root of this quantity, which is of a degree 
represented by the common denominator, these dif- 
ferent radical quantities may be represented by the 
powers of 'this letter. 

EXAMPLES. 

1. Free the equation 

{a+x)^+A{a + x)i+Bia+x)i+C{a+x)i+i^O 
from radical quantities. 

Solution, This equation becomes, by reducing all its frac- 
tional exponents to the same denominator, 

{a+x)^+A{a+x)^+B(a-\-x)^-\.Cia+x)*=^0; 
whence, if we place 

y = (a 4- x)^, or y V2 = a 4- X, 
we have 

^ + A ye + B t/4 + C y^ =:0, 
or * y5 + ^y3^Sy +e=05 

the solution of which gives the value of y, which, being sub- 
stitutecf in 



X = 



f/lS 



y^» — a, 



gives that of x. 
2. Free the equation 

(X + *3)* + (« + X3) + (X + »S)* = « 

from radical quantities. 

Ans, From the equation 

y' + y' + y* = « 

obtain the value of y, and substitute it in 

x3 -|- a; = y5. 
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Indetermiiiate Coefficients. 



.3v \Scifejlhd equation 

Ans. X = 358. 



(2x + 13)* = 3(2x.f .13)*. 



4. Solve the equation 

(S + (3 H- 4*)* « .1 + (3 4- «>*. - 

Ans, 2 = 5. 



. ,. SECTION IIL 

Powers of ;^Iyeo|]^ial8,> 

132. Lemma. If a polynomial , . . , ^ 

is such, a^ to be equal to zero imjt^eJ^denSly.^fn, that 
is, if it is equal to zero yphatever values are given to 
X, it must always be the case thaP 

A = P,.^ = 0, C = 0, 2? = 0, ^ = 0, &c.; 

that is, that the aggregate of all the (^efficients ofe^h 
power of X is equal to zero, and also the aggregate of •* 
alt ihe^terms which do not contain x is equal to zero. 

Demonstration, «Siace the equation 

is true for every value which can be .given to Zy iC rtfust be 
true ^friil^rWe jnake 

2 = 0; 

in which cas^^ll ^ terms joi^ the Urst tiember vanish ex- 
cept the first, and we have 

.-■•• •; ■■ 4 = 0; ••'•-■: 
11 
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lodetemiaato Coefficienti. 

This equation, being subtracted from the given equation, 
gives 

or, dividing by x, 

B -f Ca; + Z>«« + &c. — 0; 
whence we may prove as above, that 
JB = 0. 
By continuing this process, we can prove that 
C = 0, Z> = 0, J5 = 0, &c. 

133. Corollary, If two polynomials 

A + B X -{^ C x^ + D x^ + E z^ + &c., 
A^j^ ■»« + C «« + Z>'r« + E'x^ + &.C. 

are such as to be ^ual, independently ofx^ it must 
always be the case that 

A:=^A\ B = B, C=e, 1> = I>, &c. 
Demonstration. For the equation 

A + Bx + C x^ + 6lc. = A' + B'x + Crx^ + &e. 
gives, by transposition, ^ 

(A —A') + (B — ^0 ^ + {C—C') x2 + &c. = 0; 
whence^ by the preceding lemma, 

^A — A' = 0,B — B' = 0, C— C = 0,*d^c:*, 

that is, 

i4t=^^ B^B*, CSC', &c 

134. Problem. To find any power of a binomial. 
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BinomiBl TImombi. 

Solution. The five first powers of the binoaud a^x, 
obtained firom multipUoation, are as fbllows : 

{a+xy=a + X, 
(a+«)2 = aa-f2a x+ x^, 
(a+x)3=a3+3aax+ 3a x2+ x^, 
(a+2)*=a*+4a3x+ 6aax2+ 4a »3-l- x*, 
(a-fx)s = a5-j-5a*x+10a3a;?-t-10a2x3+5aai*+a;6. 

We readily infer from the inspection of these powers, that 

The first term of any power of a binomial is the 
same power of the first term of the binomial. " 

In the following terms of the power the exponent 
of the first term continually decreases by unity j where- 
as the exponent of the second term, of the binomial^ 
which is unity in the second term, of the power, eon^ 
tinually increases by unity. 

The coefficient of the second term of the power is 
the exponent of the power. 

Each of the preceding inductions can efwily be demon- 
strated. For suppose the terms of any power of 1 + *'» m 
the nth, to be arranged according to powers of x' as follows, 

(1 + xy = CW + CWxf+ CC3]x'2 + CWx'3 + &c. 

in which Cl^'i, C£3], Ci% d&c. denote the coefficients of the 
&rst, second, third, d&c terms, the number at the top in 
brackets denoting the place of the term, and the letter n at 
the bottom denoting the power to which they belong. 

Since the preceding equation is true for all the valueis of 
x', it must be true when we make 

X' = 0; - . . .... 



^ BiBMual TiMOPtitt. 

I'^acCLUoa 1; 
whence 

Multiply this equation by a», and we have 

Und placing * 

X = ax\ or a' = -, 
a 

we deduce 

-m. which the taduciiona in Iregard to the exponeott iar obvi- 
ously generalized.* 

Againi we have in the same way 

which, multiplied by a^x, gites 

(a-fx)" = a** 4- Ct^j a*»-ix + terms multiplied by x^, 
• 4- 1 I ^^» ^^• 

Btit we had before 

(tf 4- aj) » =n a» + (7W a«-i x + &<i. 

Hence, by art. 133, the <;oefficieiit8 of x mmt be eqahi^ 
and gif e 

that is, the coefficient of the second term of any power is 
equal to the corresponding coefficient of the preceding power 
increased by unity. 
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Btfiofliiul Theorem. 

Now it appears from the powers already obtained, that the 
coefficient of the second term is 4 in the 4th power, 5 in the 
5th power, and therefore it must be 6"in the 6th power, 7 in 
the 7th power, ^£4:., and n in the nth power ; that is, 

whence 

We are noW to proceed to the in?estigation of the remain- 
ing coefficients e[33, CW, Cf^]^ &c. 

If a in the preceding equation is increasecT by y, the 
equation becomes, retaining C^^l for the sake of symmetry, 
instead of it, 

+ eW(a + y)»-323^&c- 

which, being arranged accotding to powers of y, gives, by 
means of the preceding inductions, 



(a+y + x)»= tf» +Q'^ ^""^^ 

' +Cr%»-3x8 +q*](n— 3)0-^x3 



y -f terms 
multiplied 
byy«, y3 
&c. 



But, if instead of increasing a by y, x is increased by y, 
we bave 

(a+y+x)»=rtf» + q«]tf-i(a?+y)+q3]tf.^a(x+y)» 

which, being arranged according to powers of y, becomes * 
11* 



1S6 
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Binonkl TlMonm. 



multiplied 



+ 6lc. + d&c. 

In these two values of (a + y + ^)* the coefficient of y 
must, by art. 133, be equal ; that 'm, 

= Cfla— i+2e[3] a*-a x + 3 CW a— » x* ^ &c. 

But, in this equation, the coefficients of x, z\ &c« must be 
equal, or 

2q3] = C[«](n— 1) 

4q51 = CW(n — 3) 



that is,' 



CC3] 






C[5] = 



CP](n— 1) n(n — 1) 



CM(»— 2) 



«(«^l)(n— 2) 

— r" 



8 ~" 2 . 3 

CW(n — S) «(«— l)(n— 2)(««— 3) 



2 



&c. 



Hence 



n(n-l)(»-2) ^ , I "("-IM^-^C"-^) ^,-^. fc^ 
2.3 ^ -2 .3.4 "^ ■«-««• 

ud wesettbat 
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' Binomial Theorem. 

* If the coefficient of any term is multipKed by the 
exponent which the first term of the binomial has in 
that tertn^ and divided by- the place of the term, the 
result is the coefficient of the next fdllotoing term. 

135. Corollary. If z is changed into -* x in the preceding 
formula^ it becomefl 

(a — i;)« = a^ — 7ia»-^x+ ^^^~ ^ a»-^ga— 

n(n-l)(n- 2) 3 

2.3 ^ -t-ot'C. 

the signs of every other term being re? ersed. 

136. Corollary. The preceding formula written in the 
reverse order of its terms must give 

(x4.a)» = x« + naaL*-i + ^i^ilII^ 

whence it appears that 

The coefficients of two terms which aie equally 
distant, the one from the first term, and the other 
from the last term, must be equal. 



EXJUtfPLXS. 



O /| /• 

1. Find the 6th power of -^ ^bc^d. 

4 

S&hHon. Place x =s ^ =s 8ai~«t, 

y^ibc^d; 
ind #6 hav6 
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Binomial TlMoreni. 
Bat, by the above formula, 

. iu which, if we substitute the values of x and y, we have 

2. Find the 10th power of a + ^. 

262 0^65 + 210 0^*6^ 120 a36"+46a9 68+ 10a6»+6io. 

3. Find the 1 1th power of 1 — «. 

An$, 1 — 11 2 + 6522_ 165x3+ 330x* — 4622^ + 
462x6 — 330x7 + 165x8 — 65 x»+ 11x10 — x". 

4. Find the 4th power of 5 — 4 x. 

2ln5. 626 — 2000 X + 2400 x2 — 1280 23 + 266 x^. 

6. Find the 7th power of ^ x + 2 y . 

Am. Tiira:^ + i?ya;^y + V*^y^+V^3^ + 70a;3/ 
+ 168x2y5 + 224xy« + 128y''. 

6. Find the 4th power of ^€^t^d — \abd^. 

Ans. 626a8c8rf* — 2000a76c6rf5 + 2400a668c<d« 
— Ia80a563c9d7 + 256a<6^rf8. 

137* Problenu To find any power of a jpalyn&n^U 

SohiHon, Suppose the terms of the given polynomial to^be 
arranged according to the powers of any letter, aa. z, as 
Mows; 

a + n'x + o^'x^ + af'"x^ + a^'^t* + &c 
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Polyndmiftl Theorem. ^ 

in wliicH tbe coefficient of any poir«rof x ia r^>re8eiited bj 
the leaner a, with a nomber of accents denoted by the expo- 
nent of this power. 

Suppose now the requii-ed power to bjB the nth, and if we 
denote the aggregate of all the terms of the polynomial ex* 
cept the first by X, we have 

X^ a'x + a"x^ + o^'ija -f oTx^ + &c. ; 
and 

' (a -f a'X'\-a" x^ + &c.)» = (a + X)». 
Now, by the precediilg article, 

^ . o . ^ . o . 4i 

n(n-l) (n^2) (n-3) (n-4) 
^,2.3.4.5''^ 

We may now, by simple multiplication, obtain some of 
the first terms of X^, X^, X^, &c. as follows : 

X = a'a; -f a" x^ -f- a"' x^ + a'^x* + a^ a;» -f &c. 



^2 — a'^x2JL^a'a"x^'\-^a'a"' 

a' X + a" x2 4* o^! 5C ^ + a'^ x * -j- &c. 



x*-|-2a'a»^]x6+&c. 

--2a''a'' 



JTs == a'3x3 4-3a'2a''x*4-3a'* a'" \x^ + &c. 
a! X J^ a!' x^ \- a'" x^ + &c. 

.- -' - «' « 4* to'' »> +'*>®'" • 

X^ =^ a^x^-^iL^, 
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Polynomial Theorem. 



in which terms containiog powers of % higlmr than the 5th 
have not been retained. By substituting these vakes in 
(a + Jf )*, and arranging the terms according to the powers 
of Zy we obtain the 6 first terms of the required power as 
follows : 



[a-^d^^d'x^ -j-'a^'x^ -|_a«^x* -|- a^ x«^ + &c.)* 



fl» -|- no^^^'^alx + n 



rf»-ia" 



/8 



X2 






tf— la'" 
a»-Va'' 



^ 2.3 



X3 + ** 



+ 



+ « 

+ n(n-l) 
+ n(n-l) 
I n(n — 1) (»■ 



2) 



n(n— 1) (n — 2) 

2 
n{n—\) (w — 2) (^ 



-fn(n — 1) tf— ^a/a^'' 

n( n-l)(n-2) ^,_3^2a'' 

n(n-l)(n ^2 )(n-3) ^^,^, 
2.3.4 

a»-2^''a''' 
a*-3a'2a''' 

tf— 3a'a'2 



3) 



' / 2.3 

; n(?i — l)(n — 2) (n--3) (w — 4) 
"•■ 2.3.4.5 



««-,*4fl/3V/ 



a'^a" 



tf»— Sfl'S 



If the coefficients of the different powers of x are (Com- 
pared with each other^ we shall find that each can be ob- 
tained from the preceding term by thf^ following process^ 
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PotyDomial Theorem. 

Frcma given coefficient to obtain the next foUowirig 
Coefficient : 

Multiply each term of the given coefficient hy the 
exponent of the highest €tccented letter contained in 
this termy diminish the exponent of this letter by 
unity, and then multiply the term by that letter of the 
given polynomial which h^is one accent more than this 
'which is at present the highest accented letter of the 
term. , 

Again, whenever the accents of those two le^ 
ters of ajerm which have the greatest number of 
accents differ in number by unity, that is, whenever 
the, two highest accented letters are consecutive, muUi- 
ply the term by the exponent of that one of these two 
letters which has the least number of accents, and 
diminish its exponent by unity ; and at the same time 
increase the exponent of the other of these two letters 
by unity, and divide the term by the exponent thus 
increased. 

Thui^ the term Td.*'^^ wouM^if the accent e were higher 
than, that of any other letter in this term, furnish by the 
fiirst part of this rule p . Ta t®] j»— i at® +-^3 for the correspond- 
iog term of the succeeding coefficient. 

Ako the term TaWJ»al> + i]« wodld furnish the two 
terms q. TaMj* aC« + i]«-i a[« + ^ 

and -4-1 Tai^"^ ? - 1 «[« + 1] f H- 1. 

By this method of deriving each coefficient from the pre- 
ceding one, any power of a polynomial can be written down 
with great rapidity, and the correctness of this method can 
be demonstrated independently of the inductive process. 
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PdyiMuiiial Theorem. 

For this purpose we have only to compare all i\m lenns 
which would be obtained by the preceding rule ftom any 
coefficient, as that of a:"*, with the terms of the succeeding 
coefficient or that of (P^+S and if these are identical, the 
rule is demonstrated. 

But it is evident that all the terms of the coefficient of a^ 
in which any letter as aW occurs, and is the highest accent- 
ed letter, or the next but one to the highest accented letter, 
ought, if this method is correct, to give all the terms of the 
coefficient of a;** + \ in which aI« + ^3 is the highest accefttetf 
letter, aod no other such terms. 

No^y, to demonstrate thtf this is the case, take F and Z 
such that 
. F s^ a + i»' i + a'' :?2 -f fee. + flft*3a?' + atP+^3 ^^^\ 

^ --, aC* + 23 x«+2 ^ «[^ +3] aj'-f 9 4- 4m5. 
Hence, by art. 134, 

{a + a'x + a'^x^ +6^c,)^=(Y+ZY 
' ^ = F* + nF*-»JZr+&c.; 

so that all the terms of 

F« + » F*— 1Z + &C. 
gjtcepl those of F" are multiplied by one at least of the terms 
bfZy that is, by some letter the number of whose afceente is 
more than [e + *]• But we are, at ^res^nt, considering 
only those terms in which either €iC«] or at« + ^3 is thfe^ high- 
est aoc^ited letter, aud. therefoiie we may omit aH the terms 
except those of F". . 

If we again take Y' and Z' such tha^ 

F' = a + a' X + &c. + o[«-i]a;«-^^ 
and, Z"''= aWx«+cif« + i3 «« + !, " ' '' '' 

we have • . ' 

F=' F'-f Z'; " ' . *' 
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and, bj art. 134, using N^^\ N^^), &c. to denote the succes- 
sive coefficients of the nth power of a binomial, 

F» = F'« + m^) Y'^-^Z' + im Y'^-%Z'^ + &c. 

any term of which, such as iV"^*) F'»--*2r'*, will furnish 
terms multiplied by ai^^ and al<»+i] ^when the vaTues of Y' 
and Z' are substituted in it 

But we have, by the binomial theorem, using IF^\ H^, 
&c. to denote the successive coefficients of the Ath power of 
a binomial, 

Z'* = (a[«]f;« + al«+il x«+i)* 

+ ^2)at«]*~2ar«+il2x«»+« + &c. 
any term of which may be denoted by 

and the succeeding term would be 

Suppose, now, the value of F' to be substituted in 
iV(*) F'»—^, and the result to be arranged according to 
powers of x; and denote the coefficient of any power of «, 
such as X*, by S, so that any term of iV^*> F'»—* may be de- 
noted by Sx: 

The value of iV(*)F'?»-* Z'^ is, then, obtained by mul- 
tiplying each term of Z"^ by each i&tm of JV<*) F'"—*. 

Thus the term of iVW F'«-* Z'\ obtained from the 
multiplication of the first term of Z^\ that is, aW*aj«*, by 
any term, as Sx^, of iV(*) F'*~*, is 

and if the term iSfx* is so taken that 
e A -|- J := m, 
12 
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Polynomial Theorem, 
this term becomes 

The product of the second term of Z'*, that is, 
multiplied by the same term Sx^, is 

Hence, if there is a term of iVW F^«— * which, multi- 
plied by the first term of JZ^'*, gives a term multiplied by x* 
it must, vhen multiplied by the second term of ^'*, give a 
terra multiplied by x^+K But if the rule be applied to the 
term multiplied by x^, that is, to 

it gives 

which is the same as the above term multiplied by z"* + ^, or 

because we have, by the binomial theorem, 
ff (1) = h. 
Again, the product of any term of Z' *, as 

multiplied by the term S a;*, is 

and the product of the following term of Z'* by iS^a;* is 

.If, now, i9x< is so taken, that 
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Polynomial Theorem, 
these terras become ^ 

and 

Hence, if there is a term of Z' * which, multiplied by 
Sx'y gives a term multiplied by 2™, the succeeding term of 
Z'^ must, when multiplied by 8x*y give a term multi- 
plied by S.x^'^K But if the rule be applied to the term 
multiplied by »"», it gives first a term multiplied by «[•+*], 
which is not one of the terms now under consideration, and 
also the term 

which is the same as the above term multiplied by x*+i, 
because we have, by* the binomial theorem, 

P + 1 

It therefore appears, that when this method of deducing 
the coefficients is applied to the terms of the coefficient of 
X* all the terms of the coefficient of 2™ + ^, which contain 
a^«+i] as their highest accented letter, are obtained, and no 
other such terms are obtained ; in other words, the applica- 
tion of this method to the terms of the coefficient of z** gives 
all the terms of the coefficient of a;«»+i, and no other terms. 

138. Corollary, If the successive coefficients had been 
represented by the successive letters of the alphabet, as a, b, 
p, &c., the preceding rule and demonstration would hare 
been jui3t as applicable by changing the words " highest ac- 
cented letter " into ** letter farthest advanced in the alpha- 
bet" 
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139. CoroUary,^ If a; is put equal to unity in the ?akie «f 

we have the value of 

(a + a' + a" + &c.)*. 

So that any power of a polynomial, the terms of 
which contain no common letter, is readily found by 
multiplying the successive terms, after the first, respec- 
tively hy Xf x^j aflf x^f &c., obtaining the power of 
the polynomial thus formed; and putting 

:r = 1 
in the result. 



EXAMPLES. 

1. Find the 5th powerof 1 -f. 2z *-f 3z^ -f 43*. 

Solution. Represent the successive coefficients 1, 2, 3, 
and 4 by a, of, of', and a"\ so that 

a = 1, a' = 2, a" = 3, a'" =4; 

and the given polynomial becomes 

The fifth power of this polynomial is then found by the 
riiU to be 



4-10a3a^| -|-20a3a'a'' 
+ 10«2a3 



4- 20'a« a" a!" 
--30aa a!^ a'" 
- - 30 a* a' a" a 
--20aa'8 a" 



x5+10a3 a'' 2 

-- 10a«a"3 
- - 20 a a' « a"' 
--30aa'a a''a 



x3 + 20a3ii'a'" 
+ I0a3a''3 
+ 30 a^o'Sa'* 
4- 5aa'* 

x«+30a2a'a'"2 

- - 30 a^ a" 2 a"' 
'"maa'^a"a!" 
--20aa'a"» 

- - 5 of ^ of" 
--10 a" a"« 
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--30a2 of' af'f^ 
--30 aa 2 a///2 
--60 aaV 2a''' 
-- 5aa"^ 
--20a'3 «//«/// 
--lOa'2^/3 

--20aa"a'''3 
-.lOa'2 a/'/3 

--30a'a"9a'"a 

-- 5a" ^ a'" 



-- 60 aa' a 'a'''2 
--20 a a' 3 a/// 
-- 10a'3a'''2 
-- 30 a'2a"2a"/ 
-- 5 a' a"* 



rll 



5 a a'" * 
--20a'a"a'"» 
--10a''3a'"2 



xO^-aOaa'a^'a 
-- 30 aa' a a //a 

--30a'2a''a"2 
--20a'a''3a'" 



4- 10 o''^ a"'* 



xio 



Xl3 



4- 5 a" a"'4 2^* -|- a"'5 xW 

Now, if we substitute for a, a', a'', a'" their ralues, the 
preceding expresjsioa becomes 

{l + 2x + Sx^+4x^y = 1 + 10a; + 55x2 +2202* 
+ 690 X* + 1772 z* + 3670 x« + 7040 x^ + 
10245x8 -f. 18810x9 + 17203x10+16660x11 + 
13280x12 + 8320x13 + 3840x14 + 1024^xi5. 

2. Find the third power of a + 6 x + c x^. 

Ans. a3 + 3 a2 6 X + 3 a2 c|x2 + 6 a 6 c 
+ 3a62| + 63 



+ 3ac2 
4- 3 62 c 



a;* + 36c2x5 + c3 x^. 



3. Find the 6th power of a + 6 + c. 

20 a3 63 + 15 a4 c2 + 60 a3 42 c + 15 aa 6^ 4- 
60 a3 6 ^2 ^ 60 aa 63 c + 6 « 55 + 20 a3 c3 4- 

90 a2 62 c9 + 30 a 6* c + 6« + 60 a9 6 c^ + 

60 a 63 c2 + 6 6^ c + 15 a2 c4 ^ 60 a 62 c's + 

15 64 c2 + 30 a 6 c4 + 90 63 c3 ^ 6 a c^ + 

15 62 c4 + 6 6 c5 + c6. 

12* 
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Root of « PolynomiaL 
4. Find the 4th power of a* — a* x + « x* — x9. 

— 40 a? x5 + 44 a6 x« — 40 a* x? + 81 a< 2« 

— 20 a» x9 + 10 «® xio — 4 a x" + x^. 

SECTION IV. 
Roots of Polynomials. 

lAO. Problem, To find any root of a polynomial. 

Solution. Let the root to be found be the nth, and let the 
polynomial be represented by P, the terms of P being ar- 
ranged according to powers of either of its letters, as x; 
and let R be the required root arranged according to the 
powers of the same letter. 

Let Q represent the term of R which contains the high- 
est power of x, and jR(i) the remainmg terms of J? ; and we 
have 

R = Q + U(i) ; 

and, by the binomial theorem, 

P = R* = (Q + iJ(i))« 

= Q« + « Q*~i R^^)+ &c. 
Now it is evident, from inspection, that the term of the 
second^member of this equation which contains the highest 
power of X is Q*; and, therefore, Q* must be equal to the 
term of P, which contains the highest power of x ; so that 
if the term of P which contains the highest power of x is 
represented by O, and the remaining terms of P by P(i), we 
have 

and 
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that is, the term of the required root wkkh contains 
the highest power of x, is found by esetraeting the 
root of the corresponding term of the given polyno- 
mial. 

We also hare 

^Q* + n Q*-i JK(i) + &c; 
whence 

P^^) = P—0=zP—€i» 

and it is evident that the first term of 

P(i) 
is tlie same with the first term of 

so that, if we divide the first term of 

JP(i) 
by 

n Q«-i, 
the quotient must be the first term of 

that is, the second term of the root. 

Hence, to obtain the second term of the root, raise 
the first term of the root to the power denoted by the 
exponent of the root, and subtract the result from the 
given polynomial, bringing doxon only the first term 
of the remainder for a dividend. 

Also raise the first term of the root to the power 
denoted by the exponent one less than that of the root, 
and maltipty this power by the exponent of the root 
for a divisor. 



140 ALaBBRA. [CH. IT. ^ IT. 

Root of a PoIynomiaL 

Divide the dividend by the divisor, and the quo- 
tient is the second terfn of the rooU 

If now we denote the root already found by 8^ and the 
remaining terms of the root by T, we have 

= iSf* + « iSf—i T+&C. 
and P — iSf« = It iSr»-i T + &c. 

and it is evident tha^ the first term of 

P — i8f» 
is the same with the first term of 

80 that, if we divide the first term of 

P—8* 

by the first term of 

the quotient must be the first term of T or the next term 
of the root. 

But since the first term of i9 is the first term of the root or 
Q, the first term of 

ia, by the binomial theorem, 

80 that the first term of 

is nQ*-^, 

th9 same with the divisor used for obtaining the second leini 
of the root. 
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Hence, when the first terms of the required root 
are found, the next term is found; by raising the 
root already found io the power denoted by the expo- 
nent of the required root ; subtracting this power 
from the given polynomial, and dividing the first 
term of the remainder by the divisor used for ob* 
taining the second term. 

This divisor, then, being once obtained, is to be 
used in each successive division, the successive divir 
dends being the first terms of the siuxessive remain^ 
ders. 

KXAMPLE8. 

1. Find the 4th root of 81 x« — 216 «> + 336x6 — 
562* — 224x3 + 162 + 1. 

Solution, The operation is as follows, in which the root is 
written at the left of the given power, and the divisor at the 
left of each dividend or remainder ; and only the first term 
of each remainder is brought down. 

81x8— 216i7+336x5— ^x4_22423+16x+l |3x9— 2r-^ 

81x8 - 



1st Rem. —216x7 I 108x6 = 4 X (3xS)3 
81x8 — 216x7 + 216x6 — 96x5+16x4 = (Sx^ — 2x)* 

2d Rem. — 216x« | 108x« 

81x8— 216x7+336x«— 56x4— 224x3+16x+l=(3x^2a^2)< 

ddRem. 0. 

2: Find the 3d root of a^ + 3a« b + 3'fl2 c + 3a 6^ 
+ 6 a 6 « + 3 a c2 + 63 + 3 fca c + 3 4 c» + e^. 

Ans. a + 6 + c. 
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3. Find the 3d root of a^ -f 6 a> 6 — 3 a^ c -f 12 ^6^ 

— l2a6c-|-3ac»4-8 63 — 12 62c-f 6 6c2 — c3. 

Ans, a -|- 2 6 — c, 

4. Find the 3d root of 343 z« — 441 a*^ y -|. 777 z* y2 

— 531x3 y3^ 444x2 y* _|. lUxy^ +64y6. 

-4WS. 7X2 3a;y-|.4y2. 

6. Find the 4th root of 81 a* — 540 a^ b — 72a^ c 
+ 1350 a2 62 + 360 a2 6 c + 24 a2 c2 _ 1500 ab^ — 
600 a 62 c _ 80 a 6 c2'_ ^ a c^ + 625 6* + u^ ja ^ 
+' 2J0 62 c2 -j. ^ 6 c3 4- If c*. 

^»5. 3a — 56 — fc. 

6. Find the 5th root of 16807 a^o 6* — ^^^^ «« 6* + 
ly^ a6 63 — 2A^o a* 6^ c — 2|6 ^4 62 — Q-^^ a2 6« c 
+ffa26 + 2456*c — ^V+ *-4^^«-2 6»c2— ^^ a-8 64c 

— »f o-^ 68 c2 4- ^ a-4 63 c + ^^ a~6 6^ c2 -j- 
»fifo o-e 611 c8 _ I a~8 66 c2 _ ^ a-^o ^lo ^ar ^ 
3f a-12 ^9 c3 4- ^0 a-.i4 6i3 c* — 1^ a- 16 6^2 c4 4- 

iln5. 7 fl2 6 — i + f a-4 63 c. 

7. Find the 9th root of y27 ^27y25 4. 334 ^23 ^ 2268 5^^ 
+ 10206 yi» + 30618 y " + 61236 yi^ ^ 79732 y 13 + 
59049 yii + 19683 y». 

141. Corollary, When the preceding method is applied 
to the extraction of the square root, it admits of some modi- 
fications which shorten the labor of calculation. We have, 
in this case, 

11 = 2, n— 1 = 1; 

P={S+ r)2 = S2 ^2S T+ 2^2,- 

p — s^ = 2'^r+ r2; 
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80 that the first term of T must be equal to the first term of 
P — S^, divided by the first term of 2 ^j and, calling this 
term ^T, the next remainder must be 

' p _ (^ + 'T)' = P — S^—2S 'T— T^ 
=^P — S^ — {2S+^T) T; 

that is, this new remainder is equal to the preceding remain- 
der P — S^ diminished by (2 iSf + T) '21 

Hence we have the following rule. 

To extract the square root of a given polynomial. 

Arrange its terms according to the poioers of some 
letter^ extract the square root of the first term for the 
'first term, of the root. 

DouJ^le the part of the root thus found for a dii)isor, 
subtract the sqttare of this part of the root from 
the given polynomial^ and divide the first term of the 
remainder by the divisor; the quotiei}t is the second 
term of the root. 

Double the terms of the root already found for a 
hew divisor ; subtract from the preceding rejnainder 
the product of the last term of the root multiplied by 
the preceding divisor augmented by the last terfn of 
the root. Divide the" first term of this new rem^ain- 
der by ths first term of the corresponding divisor^ 
and the quotient is the next term of the root. 

Proceed in the same way^ to find the other terms of 
the root. 

EXAMPLi:S. 

1. Find the square root of iE^ -f 4 1*^ + ^^ ^* — 1^ * 
+ 16. 
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Sobaion. In the following sdationy the arrtngement is 
similar to that in the example of the preceding article. 



x6-|.4x5 + 20z2 — 16X + 16 
x« 



4x5-L20xa— 16Z+16 
4x5+ 4^4 ^ 

— 4x4-1-20x2— I6x+16 

— 4x4— 8x3+ 4a:2 



8x3+16x2— 16x+ 16 
8x3+16x2 — 16X+16 



x8+2x9— 2x + 4. ^It5. 

2x3 

2 x3 + 4 x2 

2 x3 + 4 x2 — 4 X 



0. 

2. Find the square root of 25 a* — 30 as 6 + 49 a^ 52 
— 24a63 + 166* Ans. 5a^ — 3ab + 4tb^. 

3. Find the square root of 4x« + 12'X* + 5x* — 2x3 
+ 7x2— 2x+l. ^ns. 2x3+3x2—1 + 1. 

4. Find the square root of a* — 2 a> x + 3 a' x^ ^ 
2 ax3 + xK Ans. a^ — ax + x^. 

5. Find the square root of | + 6 x — 17x2 _ 28 x3 + 
49 X*. Ans, J + a« — 7x2. 

142. Corollary. Since any number, expressed by two or 
more figures, may be considered as composed of a certain 
number of units, tens, hundreds, &c. added together, it may 
be divided into portions separated by the sign +, and thus 
become a polynomial ; and to this polynomial the rules for 
extracting the roots of polynomials may be applied with 
some changes, as in the following example : 

Find the fourth root pf 79502005521. _. 

f 
Solution, Since we have 

1* = 1, . 

10* = 10000, 
100* := 10000 0000, 
1000* = 10000 0000 0000, 
&c. 
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it is efident that the fourth power of an integer between 
1 and 10 cannot consist oT roore than four figures ; that the 
fourth power of an integer between 10 and 100 must con- 
sist of more than 4 figures, and less than 8 ; that the fourth 
power of an integer between 100 and 1000 must consist of 
more than 8, and less than 12 figures, and so on. If, there- 
fore, the given number is separated into portions of 4 figures 
beginning with the place of units, we can easily see, of how 
many figures its root must consist. This separation is thus 
effected by inserting periods, which is called dividing the 
number into periods, 

795.0200.5521 ; 

whence it appears that the riequired root must consist of 
three int^ral places. 

Moreover, the given number is more than 

(500)* = 625.0000.0000, 
and less than 

(600)* = 1296.0000.0000; 

its root must, therefore, be between 500 and 600 ; and the 
first figure on the left of the root must be 5, or we may con- 
sider the first term of the root as 500, and the other terms 
are obtained by the application of the 'rule as follows ; 

795.0200.5521 1500 -f 30 + 1 = 531. Ans. 
(500)^ = 625.0000.0000 

1st Rem. 170.0200.5521 1500000000 = 4 X (500) » = Divisor. 
(530)4 =£789.0481.0000 
2d Rem. 5.9719.5521 1500000000 
(531)4 = 795.0200.5521 
3d Rem. 

13 
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But as the only object is to obtain the successiTe figures 
of the root, it is unnecessary to use so many cyphers, and the 
process may be thus written, more briefly, 

795.0200.5521 1 531 
5* = 625 



1st Rem. = 1700+1500 = 4 X 5^ = Divisor. 
(53)* = 789.0481 



2d Rein. = 55.97 + | 595,+ == 4 X (5,3) ». 
(531)* = 795.0200.5521 

3d Rem. = 0. 

This method may be applied to any other case, and gives 
the following rule. 

To find any root of a given number. 

Point off the number into periods beginning toith 
the place of units, each period containing the number 
of places denoted by the eocponent of the power. 

Find the greatest integral power contained in the 
left hand period; and the root of this power is the 
left hand figure of the root* 

Raise the figure thus found of the root to the power, 
whose exponent is less by one than that of the required 
root, and multiply this power by the exponent of the 
root ; this product is the divisor. 

Haise the part of the root already found to the 
power denoted by the exponent of the root, subtract 
this power from the left hand period of the given, 
number, bringing down the first figure of the next 
period for the remainder. 
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Divide this remainder by the divisor^ and the quo- 
tient is usually the next figure of the root; hut not 
' always, for sometimes the quotient is one, two, pr even 
more units larger than the next figure, and in this 
case the next figure is to be found by triaL 

Raise the part of the root thus found to the power 
denoted by the exponent of the root, subtract this 
power from the two left hand periods of the given 
number, and write down only one place farther ad- 
vanced of the remainder than there was in the precede 
ing remainder. 

Proceed in this way to find the remaining figures 
of the root, writing down in each case, one place more 
of the remainder than was written in the preceding 
remainder. But it is more accurate to use a divisor 
obtained from the two first figures of the root, the secr 
end figure being regarded as a decimal place. 

The second divisor was thus found in the last process. 

143. Corollary. The same method may be applied 
to decimal numbers, taking care to begin the division 
into periods with the decimal point. 



KXAMPLES. 

1. Find the 3d root of 75686967. Ans. 428.. 

2. Find the 3d root of 128787625. Ans. 605. 

3. Find the 3d root of 20548344701. Ant. 5901. 

4. Find the 3d root of 512768384064. Ans. 8004. 

5. Find the 3d root of 524581674,625. Ans. 806,5. 

6. Find the 3d root of 1003,003001. Ans. 10,01. 

7. Find the 3d root of 0,756056031. Ans. 0,911. 
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8. Find the 3d root of 0,000003442951. An^. 0,0151. 

9. Find the 5th root of 418227202051. Ans. 211. 

10. Find the 4th root of 75450765,3376. Ans. 93,2 

11. Find the 5th root of 0,000016850581551. Ans. 0,111. 

12. Find the 4th root of 2526,88187761. Ans. 7,09. 

144. Corollary, The roots of fractions can be found 
by reducing them to their lowest terms, and extract- 
ing the roots of their numerators and denominators 
separately. 

The roots of mixed numbers can be found by re- 
ducing them to improper fractions. 

EXAHPLE9. 

1. Find the 3d root of ^. Ans. |. 

2. Find the 3d root of H^if. Ans. f f . 

3. Find the 3d root of ^^^. Ans. ^. 

4. Find the 3d root of 6^J|. Ans. 1|^. 
'5. Find the 4th root of 3^f. Ans. 1^. 

145. Corollary, We obtain, in the same way, from the 
rule for the extraction of the square root the following rule. 

To extract the square root of a number^ divide it 
into periods of two figures each, beginning with the 
place of units. 

Find the greatest sqtmre contained in^ the left hand 
period, and its root is^ the left hand figure of the re- 
quired root. 

Subtract the square of the root thus found from the 
left hand period, and io the remainder bring down 
the second period for a dividend. 
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Double the root for a divisor, and ike quotient of 
the dividend exclusive of its right hand figure^ divided 
by the divisor, is the next figure of the required root; 
which figure is also to be placed at the right of the 
divisor. 

Multiply the divisor, thus augmented, by the last 
figure of the root, subtract the product from the divt' 
dend, and to the remainder bring down the next period 
for a new dividend. 

Double the root now found for a new divisor and 
continue the operation as before^ until all the periods 
are brought down. 



EXAMPLES. 

1. Find the square root of 28111204. 
Solution, The operation is as follows : 



28.11.12.04 
25 


6302»ilnt. 


1st Rem. 311 103 1 
309 


Ist Diriior. 

S 2d Divitor. 
10602 3d DWiwr. 


2d Rem. 212 1 i(H 


3d Rem. 21204 
21204 



4th Rem. 0. 

2. Find the square root of 61009. Ans. 247. 

3. Find the square root of 57198969. Ans. 7563. 

4. Find the square root of 1607448649. Ans. 40093. 

5. Find the square root of 48303584,906084. 

Ans. 6950,078. 
13» 
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Roots of Numbers expressed in Decimals. 

6. Find the square root of 0,000256. Ans. 0,016. 

7. Find the square root of fff. Ans, -}^. 

8. Find the square root of 1{. Ans, 1^. 

146. Corollary. When there is any remainder after 
the processes of arts. 142 and 145, it shows that the 
given numbers are not exact powers f so that the roots 
obtained, instead of being the roots of the numbers 
themselves, are those of the greatest squares con- 
tained in the numbers. 

But by the annexing of cyphers to the right of the 
given number J decimal places may be obtained in the 
rooty and the roots thus found will differ less and 
less from the required root, 

EXAMPLES. 

1. Find the 3d root of 1345 to two places of decimals. 
Solution. The operation is as follows: 

1.345,000.000 I 11,03 + Ans. 

1 

313 



1331 



1|3,6 
1331,000 

14 I 3,6 
1341,919727 

3,080273 Remakidtr. 
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Roots of Numbers expressed in Decimals. 

■I » ■ ... 

2. Find the square root of 5 to 3 places of decimals. 

Ans. 2,236+. , 

3. Find the square root of 101 to 3 place» of decimals. 

Ans. 10,049+. 

4. Find the square root of 9;6 to 3 places of decimals. 

Ans, 3,098 +. 

5. Find the square root of 0,003 to 5 places of decimals. 

Ans. 0,05477+. 

6. Find the 3d root of 12 to 3 places of decimals. 

Ans. 2,289+. - 

7. Find the 3d root of 28,25 to 3 places of decimals. 

Ans. 3,045 +. 

147. Corollary. The roots of vulgar fractions and 
mixed numbers may in the same way be computed in 
deqimals by first reducing them to decimals. 



EXAMPLES. 

1. Find the square root of ^V ^ ^ places of decimals. 

Ans. 0,2425+. 

2. Find the square root of •j'^ to 3 places of decimals. 

Ans. 0,645+. 

3. Find the square root of If to 2 places of decimals. 

ii?t5. 1,32 +. 

4. Find the square root of 11 -f^. to 3 j^aces of decimals. 

Ans. 3,418+. 

5. Find the 3d root of f to 3 places of decimals. 

Ans. 0,873 +. 

6. Find the 3d root of f to 3 places of decimals. 

Ans. 0^1+. 
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^ » " 

A Fractioii it not the Root of an Integer. 

7. Find the 3d root of 15f to 3 places of decimals. 

Ans. 2,602+. 

148. Scholium. It might be thought that, though a given 
integer has no exact integral root, it still may have an exact 
fractional root, which is not obtained by the preceding pro- 
cess. 

But this is readily shown to be impossible, for suppose 
the fractional root, when reduced to its lowest terms, to be 
A • 

B' 
the nth power of this root b 
A* 

since A and B have no common divisor, and since every 
prime number which divides A* must divide A, and every 
prime number which divides B* must divide jB, it follows 
that there is no prime number which divides both A* and 
J?", and, therefore. A" and B* have no common divisor ; so 
that the fraction 

jB» 

is already reduced to its lowest terms, and cannot be an 
integer. 



SECTION V. 
Binomitl Eqnationf. 

149. Definition. When an equation with one un- 
known qaantity is reduced to a series of monomials, 
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Solutkm of Bifioniial Eqaatkms. 

and all its terms which contain the unknown quan- 
tity are multiplied by the same power of the unknown 
quantity, it may be represented by the general form 

Aa^ + M = 0, 
and Wjay be called a binomiaJ equation. 

160. Problem. To solve a binomial equation. 
Solution. Suppose the gi?en equation to be 
ilz« + Jf= 0. 
Transposing M and dividing by ^, we have 
_ if 

the nth root of which is 



^n — _^ 

^ - A' 



Hence, find the value of the power of the unknown 
quantity which is contained in the given equation^ 
precisely as if this power were itself the unknown 
quantity ; and the given equations are of the first de- 
gree. Extract that root of the result which is denoted 
by the index of the power. 

151. Corollary, Equations containing two or more un- 
. known quantities will oflen, by elimination, conduct to bino- 
mial equations. 

EXAMPLES. 

1. Solve the two equations 

x^yJ _ 4y7 _ 4 xy3 + 8y3 + 32a; — 64 = 0. 
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Sohiiion, The elimination of y between these two equa- 
tionSy by the process of art. 116, gives 
8 22 _ 3a = 0, 
whence we have 

a;a = 4, 

« = db2. 
Now the Talue of x, 

a: = +2, 
being substituted in the first of the given equations, pro- 
daces 

4yT_4y3-:0. 

which is satisfied by the value of y, 

y = 0; 
or if we divide by 4 y^, we have 
y*_l=0. 

y* = l, 

4 

, y = \/l = =fc 1 or = db V — I, as will be 

shown when we treat of the theory of equations. 
Again, the value of x, 

Xzzz—2, 

being substituted in the first of the given equations, pro- 
duces 

— 4y3+32 = 0, 

whence we have 

y3 = 8, 

y=2or = — li V— 3, 
as will be shown in the theory of equations. 
2. Solve the equation 

3 «a + 2 X = x2 + 2 « + 18. 

Ans. « =: ± 8. 
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Kxunples of Binoinial EquatloM. 



3. Solve the ^astion 

2x — 7 _ z+ 1 
X— 1 ~22-f 7* 

Ans. X = ± "4. 

4. Solve the equation 

.1 26 

^ + x = i^Tr^-»- 

Ans X = 3. 

5. Solve the equation 

x3-^x + 8 X3 + X — g ^ 

x3^4 "t- x3_4 — -*• 

-4llS. 2 =: ± 2 

6. Solve the equation 

V(2x + 2) =+1. 

^115. X = db 1. 

7. Solve the equation 

\/(aJ*— 8lx + l)=:l. 

-4iw. X = 0, or X = ± 3. 

8. Solve the two equations 

a;3+y6 = 2a, 
x3 — y» = 2 6, 

3 5 

Ans, X = V (a + 6), y = V (« — 6). 

9. Solve the two equations 

y«— 33y3_^x* — 17x2 == q, 
y6 + 17 ^3 ^ a;4 _ 33 aj2 =, q. 

^n5. X = 0, and y = ; 
or X = db 5, and y = 2. 

10. What number is it, whose half multiplied bj its third 
part, gives 864? Ans. 72. 
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Ezampiei of Biiioinial £qiMtioiif. 

11. What number is it, whose 7tli and 8th parts mahi- 
plied together, and the product divided by 3, gives the quo- 
tient 298f ? ' Ans. 224. 

12. Find a number such, that if we first add to it 94,^ then 
subtract it from 94^ and multiply the sum thus obtained by 
the difference, the product is 8512. Ans, 18. 

13. Find a number such, that if we first add it to 'a, then 
subtract it from a, and multiply the sum by the difference, 
the product is b. Ans, \/ {a^ — b), 

14. Find a number such, that if we first add it to a, then 
subtract a from it, and multiply the sum by the difference, . 
the product is b. Ans, \/ {a^ -|- b). 

1$. What two numbers are they whose product is 750, 
and quotient 3^ ? Ans, 50 and 15. 

16. What two numbers are they whose product is a, and 

quotient 6? . , , , *« 

Ans, \^ a b and v t« 
o 

17. What two numbers are they, the sum of whose squares 
is 13001, and the difference of whose squares is 1449? 

Ans, 85 and 76. 

18. What two numbers are they, the sum of whose squares 
is d, and the difference of whose squares is 6 ? 

Ans, /^^ (a -|- 6) and \/i{a — b), 

19. What two numbers are to one another as 3 to 4, the 
sum of whose squares is 324900 T Ans, 342 and 456. 

20. What two numbers are as m to n, the sum of whose 
squares is a? ni\/ a n \/ a 

'^'''' ^(m2 + n2-) ^'^^Vlm^ + n^T 

21. What two numbers are as m to n, the difference of 

whose squares is a? . m\^a , n\/a 

Ans, ,, 7 -~ and ^ 



^(ina— »2) \/{m^ — n^y 
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Examples of ^ioomial Equations. 

522. A certain capital is let at 4 per cent. ; if we multiply 
the number of dollars iii the capital, by the number of dd- 
lars in the interest for 5 months, we obtain 117041§. What 
is the capital ? Ans. 92650. 

23. A person has three kinds of goods, whichr together 
cost $ 5525. The pound of each article costs as many dol- 
lars as there are pounds of that article; but he has one 
third more of the second kind than he has of the first, and 
3^ times as much of the third as he has of the second. 
How many pounds has he of each? 

Ans. 15 pounds of the first, 20 of the second, 
and 70 of the third. 

24. Find three numbers such, that the product of the 
first and second is 6, that of the first and third is 10, and 
the sum of the squares of the second and third is 34. 

Ans. 2, 3, 5. 

25. Find three numbers^ such, that the product of the 
first and second is a, that of the first and third is 6, and 
that of the second and third is c 

. Ans. tJ — , i^Z-r* *n4 \/ — • 
c • 6 ^ a 

526. What number is it, whose third part, multiplied by its 
sqaare, gives 1944 7 Ans. 18. 

527. What number it it, whose half, third, and fourth, 
moltiplied together, and the product increased by 32, gives 
40407 Ans. 48. 

528. What number is that, |^th of whose fourth power di- 
Tided by it, and 167 subtracted from the quotient, gives the 
remainder 120007 Ans. 11}. 

529. Some merchants engage in business ; each contributes 
a thousand times as many dollars as there are partners. 

13 
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Cases of imaginary Solutions. ^ 

They gain in this bosiness 92560; and it is found that this 
gain is exactly half their own number per cent Hqw many 
merchants are there 7 Ans* 8. 

30. Find three numbers such, that the square of the first 
mnltiplied by the second is 112; the square of the seoond 
multiplied by the third is^588; and the square of the third 
multiplied by the first is 576. Ans. 4, 7, 12. 

162. Corollary. When the solution of a problem 
gives for either of its unknown quanfities only imagi- 
nary values, the problem must be impossible. 

EXAMPLE. 

In what case would the value of the unknown quantity in 
example 13 of art 151 be imaginary ? and why should the 
problem in this case be impossible? 

Ans. When 6 > a«, 
that is, when the product of the sum and differ- 
ence is required to be greater than the square of a. 
Now if the required number is x, this product is 

(a + x) (a — x) = a* — x» ; 
and, therefore, less than a^. 
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Equations of the Second Degree. 

CHAPTER V. 

Equations of the Second Degree. 

153. It may easily be shown, a» ia art. 89, that 
any equation of the second degree with one unknown 
qtumtUp, may be reduced to the form 

Ax^ + Bx + M = 0, 
in which A x^ denotes the aggregate of all the terms 
multiplied by the second power of the unknown 
quantity, Bx denotes all the terms multiplied by 
the unknown quantity itself, and M denotes all the 
terms which do not contain the unknown quantity. 

164. Problem, To solve an equation of the second 
degree unih one unknown qumitity. 

Solution, Having reduced the given equation to the form 
Ax^ + Bx + M=zO, 
we could easily reduce it to an equation of the first degree^ 
by extracting its square root, if the first member were a 
perfect square. 

But this cannot be the case, unless the first term is a per- 
fect square ; the equation can, however, always be brought to 
a form in which its first term is a perfect square, by multi- 
plying it by some quantity whtch will render the coefficient of 
iho first terra a perfect square, moltiplying by this iSoeffieieot 
itself, for instance ; thus the given equation muHaplittd by li 

becomes 

A^x^ + ABx + A3f=0. 
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EquatioDi of the Second Degree. 

Now that the eqaation is in this form, we can readily 
ascertain whether its first member is a perfect square, by 
attempting to extract its root, as follows : 

A^x^ + ABz + A3f\Ax + iB. Root 

A^x^ ' 



ABx-^-AM 
ABx + iB^ 



2Ax 



AM—iB^ Rem. 
80 that the first member is a perfect square only when the 
remainder is zero, that is, 

AM—iB^ = 0; 
and, in e?ery other case, 

Ax + iB 
is the root of the square which differs frto it by this re- 
mainder, that is, 

A^x2+ABx+AM={Ax+iBy + AM—iB^=0l 
or, transposing A If -— J JB^, we have 

{Ax + iB)^ = iB^ — AM, 
Now the square root of this last equation is 

Ax + iB^^V(iB^—AM), 
which, solved as an equation of the first degree, gives 
_ —jB ± Vi j B^ —AM) 

— B:hV{B^ — ^AM) 
" 2 A 

in which either of the two signs + or — , may be used m 
the double sign ±1 and we thus have the two roots of the 
given equation 

— B+V{B^ — 4AM) 
""^ ^3 ' 
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Imaginuy Roots* 
and 

The equation 

{A X + iB)^ ^iB^—AM, 
which is the same as 

A^x^-^-ABx + lB^^ IB^ —AM, 
is obtained immediately from the equation 

il2 x» + il jB X + ^ Jf =5 0, 
hy trauE^sing; 4 Jf to the second in^aibcyri and «4diiig 
\B^ to both members. Hence 

To solve an equation of the MecQn4 d^pt^a with W# 
unknown quantity. 

Reduce it as in arts. 85 and 88, transposing all the 
terms which contain the unknown qimntity to the first 
member^ and the other terms to the second fnember. 

MidHply the equation hy any quantity^ (the least is 
to be preferred,) which will render the coefficient of 
the second power of the unknown quantity an exact 
square. 

Add to this equation the square <3f the quotient^ eari" 
sing from the division qf the coefficient of the first 
power of its unknown quantity, by twice the square 
root of the coefficient of the second power of its un- 
known quantity. 

Extract the squ4ire root of the equation thus aug- 
mented, and the result is an equation of the fir^t de* 
gree, to be solved as in art. 90. 

154. Corollary. When we hare 

-B^-^AAM 
13* 



]Qg AIjQEBBA. - [oh. T. 
Ezamplei of Equttloiw of t he Second Degree. 

a negative quantity, that is, 

the roots of the given equation are imaginary. 

EXAMPLBS. 

1. Solve the equation 

48 165 . , 



« + 3"" x+10 
SohtHon. This equation, reduced as in arts. 85 and 88, is 
5jr2 _52x+ 135 = 0; 
which, muhipKed by 5, becomes 

25«2— 260z = — 675. 
Completing the square, we have 

25aj2 — 260a; + 676 = 676 — 675 = 1, 

the square root of which is 

52 — 26 = ±:1; 
hence x = ^(26 i: 1) = 5^ or = 5. 

2. Solve the equation 

V(2« + 7) + V(3 aj — 18) = ^^(7x + 1). 
Solution, This equation, being freed from radical signs, 
ts in art. 128, becomes 

5«»—27«— 162 = 0; 

the roots of which are , 

« z= 9, pr X = — 3f . 

3. Solve the two equations 

(y.+6)y + lft(»-4)= '"-';:f> |±^-. 

y-5)y» + 40««-100 = ^ — ^JTa — • 
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Selutifm. If we proeeed to eliininate y between these two 
equations, by the process of art. 116, (he remainder of the 
first division is 

(a;2_ea;+5)y2— (10«2_60x4-50)y+?4x^l44»+12a, 

in which 

a;8w — 6x4-5 

is a factor of each of^ the coefficients of y, and y^^ and of 
the terms which do not contain y. 

Before suppressing this factor, we must see whethef, as 
in art 118, it may not be equal to zero, in which case we 
have 

z« — 6 a^ -f- 5 = 0, 
the roots of which are 

a; = 5, and x = 1 . 
Now if the value 

x=5 
is substituted in the given equations, each of them beiiomes 

y^— 5y2 + 6y = 0, 
which is satisfied by the value 

y = o, 

or, dividing by y, we have » * 

y^-5y + 6 = 0, 
the roots of which are 

y = 3, and y = 3. 
But if the value 

X = 1 

is substituted in the given equations, each of them becomes 

y3_5y2+6y = 0, 
which is the same as the preceding equation, and gives 
therefore the same values of y. 
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Eiamplet of Equations of the Second Degree. 

Having thus obtained all the rootsof tho giTes eqaaiion 
eorrespending to 

x2_6x + 5 = 0, 
we maj omit this factor of the above remainder^ and ti bch 
comes 

y2_10y + 24; 

and as this does not contain x, it is annecessarj to proceed 
farther in the elimination of y, but we may obtain the roots 
of the equation 

ya_i0y + 24 = 0, 
which are 

y = 4, and y = 6, 

and substitute them in the given equation to obtain the cor- 
responding values of x. 
Thus, if the value 

y = « 
is substituted in the given equations, each of them becomes 

6a5a_48r+61=:0, 
the roots of which are 

x=i(24±V171). 
But if the value • 

y=4 
is substituted in the given equations, each of them becoBMs 

whence 

« = 2. 

The answer, therefi3re, is 

s==5, or = 1, in either of which cases, y= 0, or =8, or = 3 ; 

or 2=3^(24:^:^171), in which -case, y=6; 

or« = 2, . - in which case, y=:4. 
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» I. 

4. Solve the equation 

22 + 8 z = 209. 

Ans. X s 11, or — 19. 

5. Soke the equation 

4z2 — 9x = 5z2_255i— 8x. 

Ans, X = 15J, or = — 16J. 

6. Solver the equation 

X __ 7 
x+60 "" 3x — 5* 

i4n5. X =: 14, or = — 10. 

7. Solve the equation 

8 X ' 20 

o = — -. 



x-t-2 3x 

Ans. X r= 10, or = — J. 

8. Solve the equation 

10— x"" 25— 3x ^' 

iliis. X = 13ff, or = 8. 

9. Solve the equation 

3^(112 — 8x)= 19 + V(3a; + 7). 

Ans, X = 6, or = 11,8368. 

10. Solve the two equations 

2x + 35^r=118, 
5x2_7y2 ^4333. 

Ans, X = 35, and y = 16, 
or X = — 229^7, and y = 192^^- 

11. Solve the two equations 

x2^yx-(-9 = 0, 
y3 x^ — y3 aj ^ 144 y — 540 = 0. 
Ans, y = 6, and x = 3 ; 
'^ or y = 10, and x = 9, or = 1. 
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12. Solve the three equations 

a; y z = 105, 

ya+xy — 7y — x + » = 0. 
Ans. 2 = 15, y = — 1, n z = — 7 ; 
or z = 15, y = — 7, « = — 1 ; 
or 2 = 7, y = -f-Vl^j « = — \/i6; 
or 2 = 7, y= — \^15, « =: +\/15' 

13. What two numbers are they, whose sum is 32, and 
product 240? Ans. 12 and 20. 

14. What two numbers are they, whose sum is a, and 
product h ? 

Ans. ^a^M^{la^ — h), and Ja— VCia* — ^)- 

In what case would the ?alues of these unknown quanti- 
ties be imaginary ? 

Ans, When we have 

that is, 6>(Ja)^; 

that is, the product of two numbers cannot be 
greater than the square of half their sum. 

15. What two numbers are they, whose difference is 5, 
and product 24? 

Ans, 5 and 3 ; or — 3 and — 5. 

16. What two numbers are they, whose difference is a, 
and product 6? 

Ans, ia=b\/(ft+i«2), and — Ja=h4/(^ + i«*)• 
17. Find a number, whose square exceeds it by 306. 

Ans. 18, or — 17. 

18. A person being asked his age, answered, * My mother 
was 20 years old when I was born, and her age multiplied 
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by miaei exceeds our united ages by 2500.' What was his 
age? Ans. 42. 

19. A person buys some pieces of cloth, at equal prices, 
for $60. Had he got three more pieces for the sa]iie sam, 
each piece would have cost him $1 less. How many pieees 
did he buy? Ans. 12. 

20. A person dies, leaving children, and a fortune of 
946800, which, by the will, is to be divided equally amongst 
them. It happens, however, that immediately after the 
death of the father, two of his children also die. 'If, in 
consequence of this, each remaining child receives $1950 
more than it was entitled to by the will, how many children 
were there ? Ans% 8. 

21. Twenty persons, men and women, spent $48 at an 
inn ; the men $24, and the women the same sum. Now, 
on inspecting the bill, it is found that the men have to pay 
$1 each more than the women. How many men, thereiixe^ 
were there in the company? Ans. 8. 

22. What two numbers are they, whose sum is 41, and 
the sum of whose squares is 901 ? Ans, 15 and 26. 

23. What two numbers are they, whose sum is a, and the 
sum of whose squares is 6 ? 

Ans. ia-\-i\/(2b — a^), and Ja— iV(26 — a^). 

In what ease would the values of these unknown quanti- 
ties be imaginary ? 

Ans. When we have 

a* > 2 6 ; 

that is, the square of the sum of two numbers can- 
not be greater than twice the sum of their squares. 



168 ALGEBRA. [CH. T. 

I Examples of Equations of the Second Degree. 

24. What two numbers are they, whose diffBrenee is 8, 
and the sum of whose squares is 544 ? 

Ans. U and 20 ; or — 12 and —20. 

25. What two numbers are they, whose diffeience is a, 
and the sum of whose squares is 6 ? 

Ans. iai:iV26— a^ and— Jazhi\/2& — a*. 
In what case would the values of these unknown quantities 
be imaginary ? 

Ans. When we have 

a2>2 6; 
that is, the square of the difference of vtwo num- 
bers cannot be greater than twice the sum of their 
squares. 

26. Divide the number 39 into two parts, such that the 
sum of their cubes may be 17199. Ans. 15 and 24. 

27. A person being asked about his yearly income, an- 
..'awered, * My income is such, that if I add $1578 to it, and 

<also subtract $142 from it, and extract the cube roots of the 
numbers thus obtained, the difference between the roots is 
10.' What was his income ? ^715. $1^50. 

28. Find two numbers, whose difference added to the 
difference of their squares, makes 150, and whose sum added 
to the sum of their squares, is 330. 

Ans. The one is 15, or — 16; 
the other is 9, or — 10. 
529. What two numbers are they, whose sum, prodact, . 
and difference of their squares, are all equal to £ach other t 
Ans. i(3d=\/5), and i(l±\/5). 

80. Find a number consisting of three digits, such, that 
the sum of the squares of the digits, without considering 
their position, may be 104 ; but the square of the middle 
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Example* of QiMdratic £qiMition» higher than the Second Degree. 

digit exeeeds twice the product of tl^ other two b/ 4 ; 
farther, if 594 l>e subtracted from the number sought, the 
three digits are inverted. Ans. 862. 

166. Corollary. The preceding method is not only 
applicable to equations of the second degree, but to 
all equations of the form 

Jli:^" + 5ar» + i»f = 0, v 

in which there are two terms multiplied by diflferent 
powers of ar, the highest exponent being the double of 
the lowest ; and n may be either integral or frac- 
tional. 

BXAltPLES,. 

1. Soke the equation 

SoluHon, If the square is completed, as in the preceding 
article, and the square root extifacted, the result is 

from which we obtain, by art. 150) 

^ ^ /- jB :hV{-- AM-{^ IB^) \1 

2. Solfe the equatbn 

s4-.74a:»=± — 1225. 

Ansi « =c ifc 5, or =» db 7. 

3. Solfe the equation 

3 z» + 42 x« i=* 832L 



3 

Ans. X =r 3, or =sx — \^41. 



15 
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4. Solre the eqaalioik 

4 

5\/x \/x r= 6. 

Ans. x= 16, or 81. 

5. Solve the equation 

{x + 12)* + (x + 12) * = 6. 

Ans. 2 = 4, or 09» 

6. Solve the equation 

X + 16 — 7 (X + 16)* = 10 — 4 (x + 16)* 
Ans. X as 9, or — 12. 

7. Solve the e<|piatioa 

X* — x = 2x* 

ilfi5. X = 0, or 1, or 4, 

8. Solve the equation 

x« -r X * = 56. 



Ans. X ss 4> or (— 7)* 



9. Solve the equation 



X* + X * = 756. 

Ans. x = 243, or(— 28)* ' 
10.. Solve the equation 

(x» + 5)3 — 4 x« = 160. 

Ans. x=!:3, or^ — 15. 

11. What two numbers are they^^wfaoee prodoct is 855, 
and the sum of whose squares is 514 1 

Ans. 15 and 17, or — 15 and «— 17. 

12. What two numbers are they, Whose product is a, and 
the sum of whose squares is 6. 

Ans. itVlib + s/iib' — a^)], 
and ±: VEi 6 — V (i ** — «*)]• 
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13. What namber eioeeds its iqiMre root bj 5M. 

Ans. 26. 

14. What number is it, the excess of whose square abOTe 
its square root iai equal to 56 divided by the number t 

8 

Ans. 4 or — ^49* 

156. There are equations of higher degrees, which 
can be reduced to equations of the second degree by 
introducing other unknown quantities instead of thooe 
contained in them. Thus if the same algebraic ex- 
pression is involred in different ways^ it will often be 
found successful to consider this expression as the 
unknown quantity. 

£XAlfP£jes. 

1. Solve the two equations 

(x2l-23y)3 + (a:2_23y)« + (x«— 23y)(»— 2y)— 18, 

(x«— 23y)» + (x— 2y) = 7. 

Solution, Consider 

(x2 — 23 y), and (x — 2 y ), 
as the unknown quantities, making 
x' = xa— 23y, 
y' = x — 2y; 
and the equations become 

x'a + x'» + x'y';= 18, 

Hence, by the elimination of y, we have 
x'2 + 7x' = 18, 
and, therefore, 

x'=:2, or =—9; 
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and the corresponding Talues of y are 

y'=:3, or = — 74; 
that 18, 

a?2 _ 23y = 2, or = — 9^ 
z — 2y*= 3, or = — 74. 
The solution of these equations gives 

z = 5, jr = 1; 
or, a; = 6i,y=^; 

or, x = J(23zb's/14001), y = i(3l9±V14001). 
3. Solve the equation 

x+(x + 6)* = 2 + 3(* + 6)* 

Ans, X = 10, or — 2. 
3. Solve the two equations 

(a: + y) + (^ + y)* = i? 

x8 -f- y3 = 189. 
if 115. X = 5, or =* 4 ; y = 4, or = 5. 

167. Corollary. When there are two unknown 
quantities which enter symmetrically into the given 
equation,ahe solution is often simplified by substitut- 
ing for them two other unknown quantities, one of 
which is their product and the other their sum. 

EXAMPLES. 

J. Find two numbers whose sum is 5, and the swat of 
whose fifth powers is 275. 

Solution,' Let the numbers be x and y, represent their 
prodact by p, and we have - 

X + y = 5, 

X* + y» = 275. 
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— — '^ .^ 

Bat .we also have 

and 
x3-|-y3 =(a;+y)3_3i3y_8a.ya 

= (a^+y)^— 3xy(qf+y) 
:= 125 — ISjI. 

•Hence 

(x+y)5 ==275+5p(125-15p) + 10pa X5=5» ; 
or, bj reduction, 

i»*~25p«a— 114o 
p = 19, or = 6; 
and * 

X = 2, or = 3, or = i (6 dfc V— 51 ), 
y = 3, or = 2, or = f (6 =F V_51). 

2. Solye the two equations 

Soiutt^n. These equations become, by development, 
x3 — x«y — xy3+y» = 7, , 
*• + **> + « y» + y« = 176; 
and, by the substitution of 

they stiH finrther become, 

53_4|p-.7, 

5»'^2|p»17& /;] 

If we eliminate p, we have 

5»»843» 
16* 
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whence 

5 = 7; 

and thi« value givei, by substitution, 

343 — 14|> — 176, 

Hence x=^3, or«4; 

y = 4, or = 3. 

3. Solve the two equations 

x + y = a: y, 

i + y + ^* + y^ = ^^ 

Ans. x = 2,or=-i(-3±V21); 
y«2.or-i(— 3=^V21). 

4. Solve the two equations 

x» + y^ = 189, 

Ans. a;s=x4, or = 6; 
y=5,or=:4. 

5. Solve the two equations 

a;2 ^_ ya « 5, • 
xy=:2. 

Ans. X =r zfc 2, or = i: 1 ; 
y =: -t 1, or = ±: 2. 

6. Solve the two equations 

^ x» y + X y« = 6, 

X* y' + at* y* *= 1^- 

iliis. x= 1, or =2; 
y«2, or «1. 

7. Sohe the two equations 

4xy = 96 — x2y», 

x + y — 6. 

ilns. x = 2,or4,or3±\/21; 
yz=4,or2,or3=FV^l. 
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8.- Find two numbers such, that their -siini and product 
may together be 34, and the sum of their squares may ex- 
ceed the sum of the numbers themselves by 42. 
Ans. 4 and 6 ; 

or i(— ll-l-V— 59), andi(— 11— V— 59). 

9. What two numbers are they, whose sum is 3, and the 
lam of whose fourth powers is 17? 

Ans. 2 and 1;. 

or ^(3 + V— 55),and^(3— V— 55). 

10. What two numl)ers are they, whose product is 3, and 
the t^m of whose fourth powers ii| 82? 

Ans. ifc 1, and =b 3; 

or dbV — 1, and =p^ — 9. 

168. Corollary, In mapy cases, in which two un- 
known quantities «iter into the given equations 
symmetrically except in regard to their .signs, the 
solution is simplified hy substituting for them two 
x>ther unknown quantities, one of which is their dif- 
ference, and the other is their sum or their product. 



EXAMPLES. 

1. Sohe the two equations 

(x — y) X y = a 

Solution. These equations become, by the sabstitiiti<m of 
X — y = *, 
«y=p; 

tp=z6. 
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Bj the eluninttkm of p, we have 

whence we find 

and 

, a; = 3, or = — 2 ; 

y = 2, or = — 8. 

2. SdTe the two equations . ' 

x« — ya = 7, 
x3+y8==9l(x — y). 

Sohttion. These eqoatiops become, by the sobetkntioB et 
X + y = 5, 
X — y =<; 
s#=7, 

Hence^bj the elnninatiott of i, we have 

54—2401 = 0, 
and ^ ^ 

5 = V 240 1 = ± 7, or = ± 7 V— 1 ; 

X = db 4, or = ± 3 V— 1 1 
'y = ±3, or =db 4\/ — 1. 

8. Solve the two equations ' 

x»_y« = 7, 

(x« +ya) (« — y) — («— y) xy = 8. 

iiiw. it = 2, or 8BX -» 1 ; 

y=:l,or=: — 2. 
4. Solve the two equations 

x« — y» = 215, 

«3 + xy + y2 = 43. 

ilji5. « = 6,OT = — 1; 
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5. Sol?e the two equations 

i3 y — a:» y* + zy3 = 156, 
«y(«'— y*) — 2x2y«(x — y) + (x — y)a = 157, 
Ans. x = 4, Qr = — 3, or = i( IdbV— 51); 
y=3,or= + 4,or = i(— 1±V— 51); 

or x = ±i\/(— "i57''db2^/(624+i67*))*+78i, 

y = =biV(-l57^=fc2V(e24 + li7*))*-78i. 

6. What two numbers aie they, whose difference is I, 
and the difference of whose third powers is 7 ? 

Ans. 1 and 2, or — 2 and — 1. 

7. What two numbers are they, whose difference is 3, 
and the sum of whose fourth powers is 257 1 

Ans, 4 and I , or — 4 and — I, 
ori(zb\/(— 79)-(-3)andi(±\/(— 79) — 3). 

159. When the first member of one of the equa* 
tioDS, reduced as in art. 88, is homogeneous in regard 
to two unknown quantities, the solution is often sim- 
plified by substituting for the two unknown quanti- 
ties, two other unknown quantities, one of which is 
their quotient. 

The same method of simplification can also be 
employed when such a homogeneous equation is 
readily obtained from the given equations. 



EXAMPLES. 

). Solye the two equations 
««y + 6xya+8y3 + (x— 2y)(ya— 5y + 4)=d 
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Solution, Retaining the unknowo qiitntttj jf» utrodoce 
instead of z, the uokoown quantity q, such that 

X 

or x=qy; 

from which the given equations become 

5r2ya_6^y2 4.8y2 = o. 

Both these equations are satisfied by the ralue of y, 

, y = 0, 
whence a; = g y = 0. 

But if we divide the first of th^se equations by y^, and the 
seooad by y, we have 

jay2_6gy2+8y» + (g-2)(y«-6y+4) = 0; 

the first of which gives 

' jr == 2, or = 4. 
The Talue of q, 

g = 2, 

being substituted in the other equation, reduces the fini 
member to zero, and 'therefore y is indeterminate ; that is, 
-X and y may have any values whatever, with the tiHihatioii 
that X is the double'of y. 

The value of q^ 

g = 4, 

being substituted in the other equation, gives 

2(y»-6y + 4) = 0; 
whence y = 1, or = 4, 

and X == 4, or = 16. 

2. Solve the two equations 

,s -J. x» ya = 6, 
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Solution. 13 times the first equatioa, dimi^hed by the 
second equation, is 

12x5 + 13x3y2 —4zt/*' = 0; 
and, if we make 

we have 

12^6 y6 + 13g3y» — 4gy» = 0. 

Which is satisfied by the value of y, 

y = 0; - 

and this value of y, being substituted in the given equations, 

produces 

X* = 5, 

x» =65; 

which are evident impossibilities, and therefore the value 

y = is impossible. 

Dividing, then, by y*, we have 

12g'* + 13g'» — 4g = 0; 

which is satisfied by the value of q, 

or dividing by q, we have 

12 g* + 13^2— 4 = 0, 
whence 

' g^ = =h J, or g = zfc V — 4- 
Now the first of the given equations becomes, by the sub- 
stitution of v' 

x = gy, 

hen^e, by the substitution of the above values of q, we have 
y = Qo, x = 0Xqo=^ = indeterminate ; 
or y = =h 2, X = 1 ; 

or y = =hViXV— 3, x=iV12JXv^ = V20. 
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3. Solf e tbe two equations 

Ans. X = 0, and y =^0 ; 
or X = 2, and y = 3 ; 
or x = — I'ft* andy = — 2f; 
or X = — 3^, and y = 4f ,• 
o^ x =i= J, andy=i — I; 
or X = ^(_5zfcV— 5), andy ^ IzfcV— 5; 
or x = i:^\/ — 6, and y = I. 

4. Sol?e the two equations 

x3 + 2xy2 = 3, 

Ans. X = 1, and y = 1. 

5. What two ^umbers are they, twice the sum of whos» 
squares is 5 times their product, and the sum of whoae sixth 
powers is 65. Ans. 2 and 1, or — 2 and — 1. 

6. What two numbers are they, the difference of whoM 
fourth powers is 65, and the square of the sum of whose 
squares is 169. Ans. dtz 2, and rfc 3- 
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CHAPTER VL 
General Theory of Equations. 

SECTION 1. 
CompositioD of Equations. 

160. Any equation of the nth degree, with one un- 
known quantity, when reduced as in art. 80, may be 
represented by the form 

^a» + jB;f«-i + Ca^-^ + &c. + M =: 0. 
If this equation is divided by A^ and the coefficients 

Jl rt TUT 

-J-, -J-, &6., — represented by a,b, &e., m, it is reduced to 
a?» + a a;*— 1 -f" ^ 2:*—^ -j- &c. -j- m = (K 

161. Theorem. If any root of the equation 

z* + aaj«-i + 6a:«-2 -j- &c -|- m = 

w d&iioted by x', the first member of this equation is 
divisible by x — x'. 

Demonstration. Denote z -^ x' by xiy\, that is, 

or - X = x' + a;C^]. 

If this value of x is substituted in the given equation, if 
? x\yi is used to denote all the terms multiplied by xI^J, or 

16 
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by any power of xt^l, and Q used to denote the remaining 
termi , the equation becomes 

PxW+Q = 0. 
Now the given equation is, by hypothesis, satisfied by the 
yalue of z, 

X = a/, 

or 2W=0; 

by which the preceding equation is reduced to 
Q = 0. 

The terms not multiplied by z[^3, or a power of xC^l, must, 
therefore, cancel each other ; and the first member of the 
given equation becomes 

Pxm, 

which is divisible by x^^\ or its equal x — x', 

162. Corollary. If the equation 

aj«-j-ax*-i + &C. =0 
is divided by x -^x', the first term of the quotient is x»— ^; 
and if the coefficients of x*— ^, x*— ^^ &»c. in the quotient 
are denoted by a', h\ &c., the quotient is 

and the equation is 

(x _ X') {x«-i + a'x«-a -|- 6'x*-^ + &c.) = 0; 
which is satisfied either by the value of x, 

X ^ x', 
or by the roots of the equation 

x«-i + a'x*-^ ^ 6'x»-3 ^ ^c. = 0. 

If now x'^ is one of the roots of this last equation, we may 
have in the same way 

*»-»-ira'x»-«+&c.«=(x— x")(x»-a+a"x«-34-&c.)=0, 
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and the giTen equation beoomes 

which is satisfied by the value of x", 

so that %'* is a root of the given equation. 

By proceeding in this way to find the roots tf"^ 
ir'^ &c., the given equation may be reduced to the 
form 

{x — af) {x—x") {x—x"') (i?— jr"^) &o. =: 0, 

in which the number of factors x -^x^^x — a/', &c. 
is the same with the degree n of the given equation; 
and, therefore, the number of roots of ati equation is 
denoted by the degree qf the equation ; that is, an equa- 
^ tion of the third degree h^ three roots, one of the 
fourth degree has four roots, &c. 

163. Scholium. Some of the roots 2/, x'\ xf", d&c. are often 
equal to each other, and in this case the number of unequal 
roots is less than the degree of the equation. Thus the 
number of unequal roots of the equation of the 9th degree, 

(x_7)(x + 4)3(a; — 1)»=3:0, 

is but three, namely, 7, — 4, and 1, and yet it is to be re- 
garded as having 9 roots, one equal to 7, three equal to —4, 
and five equal to 1. ' 

164. Corollary. The equation 

a^ =z a 
would appear (o have but one root, that is, 

n 

X z=z j^a] 
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but it must, by the preceding reasoning, have n roots, 
or rather, the nth root of a must have n (liferent 
vcUues. 

EXAMPLES. 

1. Find the tivo roots of the equation 

Ans, X = 1, or = — 1. 

2. Find the three roots of the equation 

23 = 1. 

Solution. Since one root of this equation is 
x=l, 
the equation 

x8_i = o 
must be divisible by x — 1^ and we have 

xa — 1 = (x — 1) (xa + X -I- 1) = 0. 
Now the roots of the equation 

. «* + X -f 1 = 
are 

x = J(— 1+V— 8),and = J(-l-V-3). 
Hence the required roots are 
'x=l, =i(_l+V— 3),and = i(— 1-V— 3). 

3. Find the four roots of the equation 

X* = 1. 
Solution. The square root of this equation is 
xa = + 1, or = — 1 ; 
so that the required roots are 

X = 1, ;= — 1, = V— 1, and zz: — V— 1- 
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4. Find the five roots of the equation 
«» = 1. 

Solution. Since one root of this equation is 
x = l, 
the equation 

X5 _ 1 = 

must be divisible by x — 1, and we have 

x» — l = (x— l)(x*+x«+a;a + jc+ 1) = 0. 
Now the roots of the equation 

:r4 +x3 +xa+x + l=0 
can be found by the following peculiar process. 
Divide by x^, and we have 

^' + ' + 1+1+^ = 0. 

If we make 

,1 

we have 
and 

which, being substituted in the preceding equation, gives 

y»+y-l=0; 
the roots of which are 

y = i(-l+V5). and = J(_1_V6). 
But the valqes of x deduced from the equation 

,1 

or 

x'—gx=:—l, 

16* 
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are 

in which y, being substituted, gives 

and =i[— 1 — V5zfcV(— 10 — 2V5)]. 
6. Find the six roots of the equation 
/ «« = 1. 

Ans. x=l, = — 1, = J(— IzhV— 3), 
and = i (1 dc V— 3). 
We might proceed in the same way to higher equations, 
such as the 8th, 9th, 12th, &»c. ; but, since much more 
simple solutions are given by the aid of trigonometry, this 
subject will be postponed to a more advanced part of the 
course. 

166. Corollary. Before proceeding farther, we may 
remark that the method of solution used in the last 
example of the preceding article may be applied to 
any equation of an even degree, in which the succes- 
sive coefScients of the different powers of x are the. 
same, whether the equation is arranged according to 
the ascending or according to the descending powers 
of x^ as is the case in the following equation. 
Aa!** + B x^'-i + Car^*-« + &c. 
+ Cafl^ Bx + A = 0. 

EXAMPLES. 

1. Solve the equation 

Ax* + Bx^ + Cxa + J5x + A = 0. 
Solution. Divide by x^, and we have 
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and, if we make 

. 1 

we have 

and 

the root8~of which are 

^ —iB±V(2A' — AC+iB') 
A 
which are to be sobetituted in the values of x, 

x = iy±V(iy» — 1). 
deduced from the equation 

,1 
2. Sdve the equation 
SoltUion, Divide by x^, and we have 

(*''+i)+3'(*'+i)-7(»+^)+«=:0' 

and if we make 



we have 



,1 



*» + ^-y»-2, 



**+i=>'-8(*+^)«y"-»y.- 
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and the equation becomes, by iBubstitation, 

y3^3y2_10y — 0. 

The rootd of this equation are 

y =c 0, =2, and, = — 6 ; 
and, therefore, the values of x are 

x=:d:V— 1» = 1, or =i(— 6=hV21). 

3. Solve the equation 

x8 ^ 2 1« — 6 X* + 2 xa + 1 = 0. 
Ans. x = zfc 1, or =± JV2(2=h V— !)• 

4. Solve the equation 

2 X* — 3 23 — 22 — 3 X + 2 = 0. 
Ans. X = 2, or = J, or = ^ (— 1 zt: V— 3). 

166. Corollary, It follows, from art. 163, that an equation 
of the second degree has two roots, both of which are given 
by the process of art. 154 ; and if the equation is reduced to 
the form 

x2 + a X + 6 = 0, 
and the roots denoted by x' and x'\ we have 

x2_|.ox + 6 = (x — x') (x — x") = 0. 
But the product (x -:- x') (x — x!') being arranged according 
to powers of x, is 

x«_(z' + x")x + x'x''; 

which being compared with its equal 

X* -|- a X -J- 6, 
gives 

— (x'+.x") = fl, 

x'x" = 6; 
that is, the coefScient of x is the negative of the sum 
of the roots of equation, and the term which does not 
contain x is the product of the roots. 
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167. CordUary. If the roots of the general equation of 
the third degree 

are denoted by 
we have 

23+a22-|-62 + C=(2 — 2')(2 — 2")(2— 2'")=0. 

But the product 

(2 — 2') (2 — z") (2 — z'") 
is, when arranged according to powers of 2, 

a;3_(x' + 2"+2"')22-|.(x'2''-f-2'2''' + 2"2''')2 — 2'2"2'"; 

whence, by comparison with the given equation, we have 
a = — (2' + z" -^ z/'% 
h z=zz' z" -^z! z'" + z" 2"', 
c = — z' z" z'" \ 

that is, the coefficient of x^ is the negative of the 
sum of the roots, the coefficient of a: is the sum of the 
products of the roots multiplied together two and two, 
and the term which does not contain x is the nega- 
tive of the continued product of the roots. 

168. Corollary. It may be shown in the same way 
that, in the equation 

2* + a a^-^ + h 2«-2 _|. f, 3.1^-3 ^ ^c. = 0, 
the coefficient ofa^-^^is the negative of the sum of the 
roots ; the coefficient ofx*^^ is the sum of the products 
of the roots m,ultiplied together two and two ; the co- 
efficient ofx^-^^ is the negative of the sum of the pro- 
ducts of the roots multiplied together three and three; 
and so on, the last term being the prodtu:t of the roots 
when n is even, and the negative of this product when 
lit is odd. 
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SECTION II. 
Transformation of Equations. 

169. Problem. To transform a given equation into 
another in which the roots are all diminished by the 
same quantity. 

Solution, Let the given equation be 

JK» + ax»-i + 6x»-2 _|^ ^c. + = 0; 
the roots of which are x', x", x"\ dz9t., and let e be the excess 
of these roots above those of the required equation, which 
must consequently be x' — e, x" — e, xf" — e, &»c. ; or if 
u is the unknown quantity of this new equation, we have 
X — e = ti, 

and this value of z, being substituted in the given equation, 
produces the required equation, or 

(e + tt)* + a(e + t<)»-i + 6(e + ti)«-9 + &c. = 0; 

which, being arranged according to powers of «, is 






4- &c. 



ti4- «»=0. 
-j- A'C. 



170. Corollary. Since e is now entirely arbitrary, 
it may be taken to satisfy any proposed condition, 
such for instance as that the coefficient of u*^^ may 
be equal to zero, in which case the second term 
vanishes, and the equation becomes of the form 

M«+ 6'tt«"-a +c'n»~5 + &c. . • = 0- 
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All the Roots of an Equation diminished by the same Quantity. 
This coaditJon is represeated by the equation 

which gives for the value of e, 

a 

n 

171. CoroUary, Since the roots of the equation just at- 
tained are 

%' — e, %" — e, %'" — c, &c., 

they become, when e is taken, equal to one of the roots 
z', z", zf", &»c. of the proposed equation, such as %' for in- 
stance, 

%' — a/, X" — 2', z!" — . x' + &c. 

But jr' — x'rzsO; 

and, therefore, one of the roots of the equation thus obtain- 
ed must be zero. Now this equation is 






y/H— 1 



2'« = 0. 
&c. 



.4-n 
-f-(n_l)a2;/i— 2 

and by the substitution of 

II = 0, 
which must satisfy it, its first member is reduced to the last 
term, and we have 

which equation is evidently correct, since it only differs from 
the given equation by the substitution for x, of one of its 
roots x', . 

Hence the above equation, divided by ti, is reduced to 



ii«-i + nz' 



M«-2.'. + &C.. 



iiz'«-i =0. 
.«(n— l)aa;'«-» 
4* &c. 
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172. CoroUary, If two or more of the roots of the giTen 
eqaatioQ are equal to each other, such as 
X' = x" = x"' = &c., 
the roots of the preceding equation become 

x'_x''=:0, x' — a;"' = 0, x' — x»^ x' — x%&c. 
and it is, therefore, satisfied by the value of tt, 

II = 0, 
which reduces it to 
, nx'«-i + (n— l>ax'«-«+(n — 2)6x'«-3-f &c. = 0, 
or since x' is either of the equal roots the accent may be 
omitted, and we have 

nx«-i + (n— l)ax«-2+(n— 2)6x«-5 + &c. = 0, 

which must be satisfied by a value of x equal to either of the 
equal roots of the given equation, and these equal roots can 
therefore be obtained by means of the process of elimination 
of art. 116. But it is evident that two different equations with 
one unknown quantity cannot be satisfied by the same value , 
of this unknown quantity, unless their first members have a 
common divisor, which is reduced to zero by this value of 
the unknown quantity. 

The first member of the equation last obtained is' 
called the derived polynomial of the given equation, 
arid is obtained from it by multiplying each term by 
the exponent of the unknown quantity in that term, 
and diminishing this exponent by unity. 

The eqiuil roots of an equation are, therefore, ob- 
tained by finding the greatest common divisor of its 
first member and its derived polynomial, and solving 
the equation obtained from putting this common di- 
visor equal to zero. 
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EXAMPLES. 

1. Find all the roots of the equation 

x3— 7x» + 16 X — 12 = 
which has equal roots. 
Solution. The derived polynomial of this «<|pction is 
^x* — 14«+16, 
the greatest common dijisor of which snd the given irtl 
member is 

• x — 2. 
The equation 

X — 2 = 0, 

gives 

x = 2. 

Now since the given equation has two roots s^ntd to 2, it 
must be divisible by 

(x — 2)2 = x2 — 4 X + 4, 
and we have 

x3 _ 7x2 ^ 16 X — 12 =x= (x— 2)^ (x — 3) = p; 

whence 

x=*3 

is the other root of the given equation. 

2. Fiifd all the roots of the equation 

jr7_9x5+6x* + 15x3-.12xa— 7x+6 = 
which has equal roots. 
Solution, The derived polynomial of this equation is 
7x6— 45x*+24x3+45xa_24x— 7, 
the greatest common divisor of which and the given equation 
gives 

a;s ^ a;* — X -+. 1 = 0, 

17 
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which is an equation of the third degree, and we may con- 
sider it as a new equation, the equal roots of which are to be 
found, if it has any^ 

Now its derived polynomial is 

3x2 — 2x-^l, 
knd the common divisor of this derived polynomial and the 
first member gives 

% — 1 = 0, or 2 := 1, 
Hence the first member of 

must be divisible by 
and we have indeed 

The equal roots of the given equation are, therefore, 
z =s 1, and =: — 1 ; 

and its first member is divisible by 

(x_l).(x+l)». 
and is found by division to be 

{% — 1)3 {% + 1)« (x2 + x _ 5). 
The remaining roots are, therefore, found from solving the 
quadratic equation 

x2 + jc — 5 = 0, 
which gives 

» = 2, or == — 3. 

3. Find all the roots of the equation 

28 + 3 a;2 -- X — 9 = 

which has equal roots. 

Ans^ X ^ 3, or = — 3. 
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4. Find all the roots of the equation . 

x3 — 15x2 + 75x — 125 = 

which has equal roots» 

Ans. X = 5.. 

5. Find all the roots of the equation 

24 _ 9 a.3 + 2d x2 — 89 X + 18 = 

which has equal roots. 

Ans. X =: 1, or s=s 2, or = 3. 

6. Find all the roots of the equation 

x4 _ 2 x3 — 59 x2 + 60 X + 900 = 

which has equal roots. 

Ans. X = 6, or = — 5. . 

7. Find all the roots of the equation 

X*— 6x2 — 8x — 3 = 

which has equal roots. 

Ans, X = 3, or = — 1. 

8. Find all the roots of the equation 

X* + 12x3 ^ 54x2 ^ i08x + 81 = 

which has equal roots. 

Ans. X = — 3, 

9. Find all the roots of the equation 

x6—2x*— 2xa + 4x2 + x — 2 = 

which has equal roots. 

Ans. X s= ± 1, or = 2. 

10. Find all the roots of the equation 

. x6— 6x*+4x» + 9x2 — 12x+4=0 

which has equal roots. 

Ans. X = 1, or = — 2. 
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11. Find the equal roots of the equation 
x8— 8x^+26 a;«--45»«^+45x*— 21x3— 10i2-f20 2— 8=0. 

Ans, X = 1, or = 2. 

172. Greneral solutions have been given of*equa- 
tions of the third and fourth degree ; they are not, 
however, always applicable, and are so complicated, 
that it is more convenient in practice to obtain the 
roots of an equation by successive approximations. 
But before proceeding to this subject, it is important 
to be acquainted with the theory of arithmetical and 
geometrical progressions. 
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CHAPTER VII, 
Progressions. 

SECTION I. 

Arithmetical Progression. 

173. All Arithmetical Progression^ or a progres- 
sion by differences^ is a series of terms or quantities 
which contioually increase or decrease by a constant 
quantity. 

This constant increment or decrement is called the 
common difference of the progression. 

Throughout this section the following notation will be ror 
tained. We shall use 

cz = the first term of the progression, 

/ = the last term, 

r = the common dtflference, 

n = the number of terms, 

^ = the sum of all the terms. 

174. Problem. To find the last term of an arith- 
metical progression when its first term, common dif' 
ference, and number of terms are knoion. 

Solution. In this case a, r, and n are supposed to be 
known, and / is to be found. Now the successive terms of 
the series if it is increasing are 

a, a^r, a + 2r, a -f- 5 r» « + 4 r, d&c. ; 
17« 
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Sum of two Terms equally distant from the extremes. 

BO that the nth term is obviously 

/ = a + (it— l)r. 
But if the series is decreasing, the last term must be 

/ = a — (n — 1) r. 

^ Both these cases are, however, Included in one, if we 
8U[q;x)se r to be negative when the series is decreasing. 

175. Corollary, In like manner any other term, such as 
the mth, is 

a + ("* — l)*"' 

176. CoroUary^ By writing the series in an inverted 
order, beginning with the last term, a new serieis is found, 
of which the first term is /, and the common difference — r. 
Hence the mth term of this series, that is, the mth term 
counting from the last of the given series, is 

?-(«-l)r.. . 

177. Corollary^ The sum of the mth term and of the mth 
term from the last is, therefore, 

[a + (m _ l)r] + [l^ (m- l)r] = a + /; 

that is, the sum of any two terms, taken at equal dis- 
tances from the two extremes of an arithmetical series j 
is equal to the sum of the two extremes, 

178. Problem. To find the sum of aii arithmetical 
progression when its first term, lofst term, and numr 
ber of terms are known. 

Solution. In this case, a, /, and n are sQppo^ed to be 
known, and iS is to be found. . 
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Suppose the terms of the series to be written as Ibllows, 
first in the regular order, and then in an inverted order : 
a, b, c, . . . . . . *. t, k, I; 

h fi» h c,h, a. 

The sum of the terms of each of these progressions being S, 
the sum of both of them must be 2 &, that is, 

a«=(«+/)-|-(6-|-*) -i-(c-H) . . . + (,+c)-|-(AsH)+(H-«>. 

But by the preceding corollary, we have 

Hence 2 ^Sf is equal to as many times (a -|" ^^ there are 
terms in the series, that is, 

2iSr= (a + /)n; 
or ^ = i(a + /)n; 

that is, the sum of a progression is equal to half the 
sum of the two extremes^ multiplied by the number of 
terms. 

179. Corollary, From the equations 
/ = a+(n_l)r, 
^=^(a + /)n; 
either two of the quantities a, /, r, n, and 8 can be deter- 
mined when the other terms are known. 

EXAMPLrfiS. 

1. Find the 100th term of the series 2, 9, 16, d&c. 

Ans, 695. 

2. Find the sum of the preceding series. 

Ans. 34850. 

3. Find 8^ when a, r, and n are known. 

Ans. ^ = i^[2a + (n — l)r]n. 
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4L Find it and 8, when a, I, and r are known. 

Ans, n = \- 1 ; 

r 

« = L_f_ + J (« + /). 

5. Find the nnmber and mm of terms of the series of 
which the first term is 6, the last term 796, and the common 
diflference 10. 

Ans, The number of terms =: 80, 
the sum = 32080. 

6. Find r, when a, /, and it are known. 

I— a 



Ans, r = 



n— r 



' 7. Find the common difference and sum of the series, of 
which the first term is 75, the last term 15, and the number 
of terms 13^ 

Ans, The common difference = — 5, 
' the sum = 585. 

8. Find r and n, when a, /, and S are known. 

2S 



Ans. n = 



l^ — a^ 



2,Sr— (a-f /) 

9. Find the common difference and number of terms of a 
series, of which the first term is 2, the last term 345, and 
the sum 8675. 

Ans, The number of terms = 50, 
the common difference = 7. 

10. Find / and n, when a^ r, and 8 are known. 

r 
r = V [2 r-8f + (a— i !•)»] — « r. 
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11. Find the last term and number of tersis of a series, 
of which the first term is 3, the common difference 4, and 
the sum of the terms 105. 

Ans. The last term = 27, 

the number of terms = 7. 

12. Find .a and n, when /, r, and iSi are known. 

Ans. ,^H-^-:^V[(^ + ^-)-"^-^, 

13. Find the first term and the number of terms of a se- 
ries, of which the la^l term is 13, the common difference 3, 
and the sum of the series 3d. 

Ams, The first term = 1, 

the number of terms = 5. 

14. Find I and r, when a, n, and S are known. 

'a I 2^ 
n 

2(g-«n) 
- «(»-!)• 

15. Find the last term and common difference of a series, 
of which the first term is f , the number of terms 12, and 
the sum 100. 

Ans, The last term = 16, 

the common difference =1^. 

16. Find a and r, when /, n, and 8 are known. 

A 2^ 7 

Ans. a = /, 

n 

_ <i(ln — S) 
'•- »(n-l)- 
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17. Find the first term and common difference of a series, 
of which the last term is 50, the number of terms 20, and 
the sum 600. 

Ans, The first term = 10, 

the common difference = 2^. 

18. Find a and S, ^hen /, r, and n are known. 

Ans. a 7= I — (n — 1) r, 

^=^[2/— (»— \)r]n. 

19. Find the first term and sum of the terms of a series, 
of which the last term is 100, the common difference ^, and 
the number of terms 51. 

Ans, The first term =: 75, 

the sum of the terms sss 4462J. 

20. Find a and /, when r, it, and 8 are known. 

or 

Ans. a = -— J(n — l)r, 

' = f+i(«-l)r. 

21. Find the first and 4ast terms of a series, of which the 

common difference is 5, the number of terms 6, and the 

sum 321. 

Ans. The first term = 41^ 

the last term'= 66. 

22. Find the sum of the natural series of numbers 1, 
2, 3, &c. up to n terms. 

Ans. Jn (n + !)• 

23. Find the sum of the natural series of nunlbers from 

1 to 100. 

Ans. 5050. 

24. Find the sum of the odd numbers 1, 3, 5, d&c. up to 
n terms. 

Ans, n^. 
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25. Fiad the sum of the odd numbere from 1 to 99. 

Ans. 2500. 

26. Find the sum of the even numbers 2, 4, 6, &c. up to 
' It terms. 

Ans, n {n -|- 1). 

27. Find the sum of the even numbers from 2 to 100. 

Ans. 2550. 

28. One hundred stones being placed on the ground, in a 
straight line, at a distance of 2 yards from each other ; how 
far will a person travel, who shall bring them one by one to 
a basket, placed at 2 yards from the first stone ? 

Ans, 1 1 miles, 840 yards. 

29. We know, from natural philosophy, that, a body which 
falls iji a vacuum, passes, in th^ first second of its fall, 
through a space of 16^^ feet, but in each succeeding second, 
32^ feet more than in the immediately preceding one. Now, 
if a body has been falling 20 seconds, how many feet will it 
have fallen the last second? and how many in the whole 
time? 

Ans. 627^ feet in the last second, 
and 6600 feet in the whole time. 

30. In a foundery, a person saw 15 rows of cannon-balls 
placed one above another, and asked a bombardier how 
many balls there were in the lowest row. * You may easily 
calculate that,' answered the bombardier. 'In ail these 
rows together, there are 4200 balls, and each row, from the 
first to the last, contains 20 balls less than the one imme- 
diately below it/ How many balls, therefore, were there in 
the lowest row ? 

Ans. 420. 

180. The arithmetical mean between several quan- 
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tities is the quotient of their sum divided by their 
numbers. 

Thus the arithmetical mean between the two quantities 
a and b is half their sum, or ^ (a -f 6) ; that between the 
four quantities 1, 7, 11, 5 is 6. 

181. Problem. To find the arithmetical mean be- 
tween the terms of an arithmetical progression. 

Sckolmm. It is, by the preceding definition , 

8 

or, since 

S=in{a + l), 

it is 

that is, half the jsum of the extremes. 

182. Problem. To find the first and last terms of a 
progression of which the arithmetical mean, the num- 
ber of terms, and the common difference are known. 

Solution, If we denote the arithmetical mean by M, we 
have 

whicjb, substituted in the resuh of exan^ 20, in «rt 179, 

gives 

a = Jlf— i(n — l)r, 

/=Jlf + i(» — l)r. 

Scholium. In very many of the problems involving 
arithmetical progression, it will become copvenient to 
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use for one of the unkno\m quantities the arithmeti- 
cal mean. 



EXAMPLrES. 

1. Find five nambers in arithmetical progression whose 
sum is 25, and whose continued product is 945. 

Solution. Denote the arithmetical mean by M, and the 
, common diflference by r, and we have, by art. 18^ 

and 

the first terra=:lf— 2r = 6 — 2r, 
the second term =Jlf — r =6 — r, 
the third ' term = if =5, 

the fourth term = M-\- r =5 + r, 
the fifth term = Jf + 2r=:6 + 2»'; 

aod the continued product of these terms is 

(5-2r) (5-r)5(5-|.r) (5-|.2r)=3125— 025ra+90r* =946. 
Hence we find 

r= 2, or =s V^> 

and the only possible series satisfying the condition is, there- 
fore, 1,3,5,7,9.. 

2. Find four numbers in arithmetical progressbn whose 
sum is 32, and the sum of whose squares is 276. 

Ans. 5, 7, 9, 11. 

3. A traveller sets out for a certain place, and travels 
1 mile the first day, 2 the second, and so on. In five days 
afterwards another sets out,, and travels 12 miles a day. 
How long and how far must he travel to overtake the first? 

Ans. 3 days and 36 miles. 

18 
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4. Find four Bumbecs in arithmetical progression whose 
sum is &, and continued product 585. 

Ans. 1, 5, 9, 13. 

5. The sum oiF the squares of the first and last of four 
numbers in arithmetical progression is 200, and the sum of 
the squares of the second and third is 136 ; find them. 

Ans, 2, 6, 10, 14. 

6. Eighteen number* in arithmetieal ppogressiooi are such, 
that the sum of the two mean terras is 31^, and 'the product 
of the extreme terms is 85^. Find the first term and the 
common difference. 

Ans. The firsjt teem ia 3, 

tbe conAUion difierenc^ is 1^. 



Geonietiieal Progression. 

183. A Geometrieal Progression, or a progression 
by quotiettts, is a series of terms whicjti increase or 
decrease by a constant ratio. 

Oy I, % and S will be used in this seeitoQ; as in th<e bist, 
to denote respectively the first temi^ the last. tisriD» the num* 
ber of terms, and the sum of the terms ; and r will be used 
deuQte th^ constant ratic^ 

184. Problem, To find the last term of a geometri- 
ml progression when its fir^t term^ ratip, and number 
ofi&Fms. are known. 
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Solution. lo this oase^ a^ r, and n are givoA» to find /. 
Now the terms of the series are as follows : 

a, ar, ar^, ar^ . * . &,c. . . . «r*— i; 

that is, the last or nth term is 

that is, the last term is equal to the product of the 
first term by. that power of the ratio whose es^ponent 
is one less than the number of terms. « 

185. Problem, To find the sum of a geometrical 
progression, of which the first term, the ratio, and 
the number of terms are known. 

Solution. We have 

-Sr=a4.ar+ar2-j-d&c. ... + ar*-2-f-ar»-i. 

If we multiply all the terms of this equation by r, we hate 

from which, subtracting the former equation, and striking 
out the terms which cancel, we have 

r S — S == ar^ — a, 
or (r — 1) ^8^= ar» — a= a(r«— 1); 

whence 

S — ^^ — ^ fl (r" — 1) 
"^r— l""^ r — 1 * 

Hende, to find the sum, multiply the first term by the 
difference between unity and that power of the ratio ' 
whose exponent is equal to the number of terms, and 
divide the product by the deference between unity and 
ihe^ratio. 
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186. CoroUartf. The two equations 

(r_l)5r = a(r*— 1) 
give the means of determining either two of the 
quantities a, I, r, n, and S, when the other three are 
known. 

But it must be observed, that, since n is an exponent, it 
can only be determined bj the solution of an exponential 
equation. 

EXAMPLES. 

1. Find the 8th term and the sum of the first 8 terms of 
the progression 2, 6, 18, d&c, of which the ratio is 3. 

Ans. The 8th term is 4374, 
the sum is 6560. 

2. Find the 12th term and the sum of the first 12 terms 
of the series 64, 16, 4, 1, ^, d&c, of which the ratio is ^. 

Ans. The 12th term is g^^gg , 
the sum is 85^yy\^. 

3. Find S, when a, /, and r are known. 

Ans. 8 ='±Z^. 
r — 1 

4. Find the sum of the geometrical progression of which 
the first term is 7, the ratio ^, and the last term 1|. 

Ans. 12^. 

5. Find r and 8, when a, /, and n are known. 



Alts. 



1/ —1 —1 

«J J a ^h — \/«^ 

J--1 V/-Va 
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6. Find the ratio and snm of the Mries of which the first 
term is 160^ the last term 38880, and the number of terms 6. 

Ans. The ratio is 3, 

the sura is 58240. 

7. Find r, when a, /, and S are known. 

8. Find the ratio of the series of which the first term is 
1620, the last term 20, and the sum 2420. 



Ans. i* 



9. Find a and S, when 4, r, and n are known, 

Ans. a = ^;;^, 

r» — !*-!' 

10. Find the first term ^nd sum of the series of which 
the last term is 1, the ratio j-, and the number of terms 5. "" 

Ans, The first term is 16^ ' 
the sum is 31. 

11. Find /, when a, r, and S are known. 

Ans. 2=Sf_^^IZf. 
r 

12. Find the last term of the series of which the first term 
is 5, the ratio ^, and the sum 6^^. 

Ans. 2^* 

13. Find a, when /, r^ and S are known. ^ 

Ans, a==zS—{S—r)r. 

14. Find the first term of the series of which the last term 
is ^, the ratio •}, and the sum ^^. 

Ans. 5. 

18* 
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15. Find a and /, when r, », and i9 are known. 

'"" I*— 1 • 

16. Find the first and last terms of the series of which 
the ratio is 2, the number of terms 12, and the sum 4005. 

ilfi5. The first term is 1, 
the last term 2048. 

187. An ivjinite decreasing geometrical progression 
is one in which the ratio i$ less than unity, and the 
number of terms infinite. 

188. Problefn. To find the last term and the sum 
of the terms of an infinite decreasing geometrical pro- 
gression, of which the first term and the ratio are 
known. 

' SobiUon. Since r is less than unity, we may denote it 
by a firaction, of which the niimerator is 1, and the denomi- 
nator r' greater than unity ; and we hare 

1 

- = 77' 

r-=^=JL = 0. 

Since, then^ the number of terms is infinite, the formulas 
for the last term and the sum become 

/ = a r»-i = a X = 0, 
a _ a r' 
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that is, the last term is zero, and the sum is found by 
dividing the first term by the difference between unity 
and the ratio. 

189. Corollary. From the e<]iuation 

either of the qufantities a, r, and ^ may be found, 
when the other two are known. 



EXAMPLES. 

1. Find the sum of the inBnite progressiou, of which the 
first term is I, and the ratio }. 

Ans. 2. 

2. Find the sum of the infinite progression, of which the 
first term is 0,7, and th» ratio 0,1. 

Ans. !>. 

S, Find r, in an infinite progression, when a and 8 are 
known. 

Ans. r = 1 — --. 

4. Find the ratio of an infinite progression, of which the 
first term is 17, and the sum 18. 

Ani. ^. 

5. Find a, in an infinite progression, when r and 8 are 
known. 

Ans. «atx]Sr(l — . r). 

6. Find the first term of an infinite progression, of which 
the ratio is f , and the sum 6. 

Ans. 2. 
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CHAPTER VIII. 
Resolution of Numerical Equations, 

SECTION I. 
Number of Real Roots of Equations. 

190. Theorem. When an equation is reduced, as 
in art. 160, and the values of its first member, ob- 
tained by the substitution of two different numbers 
for its unknown quantity, are affected by co7itrary 
signs, the given equation must have a real root contr- 
prehended between these two numbers. 

Demonstration. For, if the value of the less of the two 
numbers, which are substituted for the unknown quantity is 
supposed to be increased by imperceptible degrees until it 
attains th« value of the greater number, the value of the 
first member must likewise change by imperceptible degrees, 
and must pass through all the iddterniediate values between its 
two extreme values. But the extreme values are aflfected with 
opposite sigils, so that zero must be contained between them, 
and must be one of the values attained by the first member ; 
that is, there must be a number which, substituted in the 
first member, reduces it to zero, and this number is conse- 
quently a root of the given equation. 

191. Corollary. If the given equation has no real 
root, the value of its first member will always be af' 
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fected by the same sigUj whatever numbers be substi^ 
tuted for its unknown quantity* 

192. Theorem. When an uneven number of the 
real roots of an equation are comprehended between 
two numbers^ the values of its first member obtained^ 
by substituting these numbers for Xy must be affected 
with tofitrary signs; but if an even number of roots 
is contained between them, the values obtained from 
this substitution must be affected with the same sign. 

Demonstration. Denote by a, b, c, d&c. all the roots of the 
given equation which are contained between the given nnm- 
bers p and q ; the first member of the given equation roust, 
by art. 162, be divisible by 

(x — a) {x — b) {x — c) ^c. 

If we denote the quotient of this division by Y, the equation 

F=0 

gives all the remaining roots of the given equation, so that 

r=o 

cannot have any real root contained between p and q. 
The given first member being, therefore, represented by 

{x — a){x — b){x — c) X Y 

becomes 

{p — a){p — b){p — c)....X Y\ 

when we substitute p for x, and denote the corresponding 
value of Y by Y' ; and when we substitute q for x, and de- 
note the corresponding value of Y by Y", it becomes 

{q-a){q-b){q-c)....X Y". 
The quotient of these two results is 
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(f> — a) 0> — A) (p — c) . . . . F ' 
(q-a)(q-b)(q-c)....Y" 
which can be written 

y — a'^y — 6-y — c^ F"* 

Now since each of the roots a^ b, c, d&c. is included be- 
tween p and q, the numerator and denominator of each of 
the fractions 

p — a p — b p — c , 
q — a q — b q -^ c 
must be affected with contrary signs, and therefore each of 
these fractions must be negative. 

But since Y' and F" must, by art. 190, have the same 
^sigQ, the fraction 

Y' 

Y" 
is positive. 

The product of all these fractions is therefore positive^ 

when the number of the fractions 

P — "" P — ^ &,c 

is even, that is, when the number of the roots^a^ b, c, &c. is 
even; and this product is negative, when the number of 
these roots is uneven. The values which the given first 
member obtains by the substitution of p and q for x must, 
consequently, be affected with contrary signs in the latter 
case ; and with the same sign in the former case. 

193. Theorem, Every equation of an uneven de- 
gree, has at least one real 7'oot affected with a sign ani- 
trary to that of its last term, and the number of all its 
roots is uneven. i 
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Denumstration. Let the equation be 

I* + a a:*--! -f- &c. . • . + m = 0, 
in which n is uneven. 

First, to prove that there is a real root, and that the num- 
ber of real roots is uneven. Every real root must be con- 
tained between + oo and — od. Now the substitution of 

tr = QD, 
gives the value of the first member 

QD" + a Qo»— ^ + h QD»— 2 ^ ^^ . . . + m ; 
the first term of which is infinitely greater than any other 
term, or than the sum of all the other terms. The si|pB 
of this result is thecefore the same as that of its first term, 
or positive. 

Again, the substitution of 

gives, since n is uneven, 

— QD* + « QD»-^ — 6 OD"— 2 + &C. . . . -|- III, 

which may be shown by the above reasoning to be negative. 
The given equation must then, by art. 191, have at least 

one real root, and by art. 192, the number of its real roots 

must be uneven. 
Secon^. To prove that one, at l^ast,^ of the real roots 

is affected with a contrary sign to that of tbj9 last terni. 

The substitution of • 

x = 0, 

reduces the given first member to its last term m. 

Comparing this with the above results* we see that, if m 
'wi positive, the given equation must, by art. t90, have a seal 
root contained betwen and — cz), that is, a negative root ; but 
if fft is negative, there must be a real root oontained between 
and -f GO, that is, a positive root; so that, there must 4* 
ways be a root affected with a sign contrary to that of 2». 
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194. Theorem. The number of real roots, if there 
are any, of an equation of an even degree must be even^ 
afid tfthe last term is negative, there must be at least 
two real roots, one positive and the other negative. 

Detttonstration. Let the equation be 

in which n is even. 

First, To prove that the number of real roots b even. 
The substitution of 

X xss 00 . 

gives for the value of the first member 

OD* + a OD*""* + b QD*— ^ -f- &c. . . . -|- m, 
which b positive. 
The substitution of 

gives for the value of the first member 

ao« — a QD*^^ + b dD»^^ + &c. . . . -j- w, 
which is bl]90 positive. 

Hence, if the given equation has any real root there must, 
by art. 102, be an even number of them. 

Secondly. To prove that when m Is negative, there mast 
be two rcial roots, the one positive, the other negative. The 
substitution of 

x==0 
reduces the given first member to its last term m, and this 
result is therefore negative in the present case. 

Comparing this with the above results, we see that there 
must be a root between and -f- qd, and also one between 
and — QD ; that is, the given equation has two roots, the 
one positive and the other negative. 
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195. Corottary. Stnee the nmnber of real roots of 
%n equation of an uneven degree is uneveDy and that 
of an equation of an even degree is even, the number 
of hnctgintzry roots of every eq^uatiofij which has imagi' 
nary roots, must be even. 

196. Theorem. The number of real positive roots 
of an equation is even, when its Uist term is pdsitive; 
and it is uneven, when the Icvstterm is negative. 

Demonstration. The substitution of 

gives, for the first member of the given equation, a posiUvt 
result ; while the substitution of ^ 

Z=:0 

reduces the first member to its last term% 

Heace if this last term is positive, the number of real 
roots contained between and. qd, that is, of positive roots, 
must, by art. 191, be even ; and if this last term is negative, 
the number of these roots must be uneven. 

197. Theorem. An equation cannot have a greater 
nun^er of positive roots than there are tabiations in 
the signs of its terms, nor a greater number of 
negative roots than there are permambnces of these 
signs. 

Demonstration. The truth of this proposition would be 
demonstrated, if it could be shown that the multiplication off 
the first member of an equation by a factor x -*- a, corre- 
sppnding to a positive root, roust introduce of least one 

19 
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Number of PosltiTe and Negative Roots. 

ftariation, and that the multiplioation by a ^tor x ^ a, 
tBiMt introduce at least one permanence. 

Let the general equation of the nth degree be 

2* it: il x»-i di -B a^-« i . . . • ± I. X dr ilf — 0. 

in which the signs succeed each other in any manner what- 
eter. 

If we multiply this equation by x — c, it becomes 



-^ a 



^aA\ ^,aB 



:=faL 



X 

qFilf=0. 



The signs in the upper line of this product are the same as 
in the given equation/ while those of the lower line are the 
renerse of those of the given equation advanced one rank 
towards the right. 

If, tfaen^ we proceed from the first to the last term of tlie 
product, we must find the same changes of signs as in the 
given equation, so long as we can remain in either of these 
lines. 

But we are forced to descend from the upper line to the 
lower line, as soon as we come to a term in which the lower 
number is larger than the- u^per one, and has the opposite 
sign. In this case, a new variation is clekrly introduced, 
for the Idwet sign is, as before remarked, the reverse of the 
preceding upper sign ; and, all the remaining signs of the 
lower line bemg the reverse of the preceding ones of tlie 
upper line, we must find the sam6 changes of signs as we 
* should have found in the upper line. 

If, however, we should, afler this, come to 'a term in which 
the upper number is the greater, and has the reverse sign of 
the lower one, we must reascend to the upper line* In Uiis 
case, the order of the signs must evidently be the same as 
it would be, if, in the lower line this term were omitted, and 
the following signs reversed. But with the omission of a 
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tcr», two successims of signs must be lost, one of which at 
least b here r permanence; for the lower sign of the pmitted 
term, being the reverse of the upper sign, must be the same 
as its succeeding sign in the lower line. Not more than 
one variation can, therefore, be lost in ascending to the 
ui^r line, and /this is refdaced by the variation which is 
introduced in descending again to the lower line ; also since^ 
the last sign is in the lower line, we must descend again to 
the lower line. 

Each factor, corresponding to a positive root, roust then 
introduce a n^w variation, so that there must be as many 
rariations as there are positive rbots. . 

In the same way, it may be shown that each factor, aS 
X -f- a, corresponding to the negative root — «, must intro> 
duce at least one new permanence, so that there must be as 
many permanences as there are negative roots. 

19$. Corollary. The whde number of succession of signs 
of an equation, that is, the sum of the permanences and 
rariations, is one less than the number^of terms, or the same 
as the degree of the ^ equation, that is^ the s^e as the 
nnmber of roots. 

If, therefore, all the roots are real, the numbef of 
positive roots must be the same as the number of 
▼ariations, and the number of negative roots must h6 
the same as the number of permanences. 

190 f Scholium. Whenever a term is wanting in an 
equafon, its place may be supplied by zero, and either 
sign Kiay be prefixed. 

200. QoroUary. When the substitution of -f for 
a term which is wanting gives a di^rent number of 
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pennanerrces from that which is obtcdned by the sab- 
stitutiou of — 0, and consequently a dififerent number 
of variations also, the equation must have* imaginary- 
roots. 

201. Theorem. When ike sign of ike term which 
precedes a deficient term is the same with that which 
follows it J the equation must have imaginary foots, - 

J^emonstration. For if the terms which precede and fol- 
low ttie deficient term «re both positive^ the substitution of 
-j- gives two permanences; while the substitution of — 
gives two variations. The reverse is the case when ^h 
these terms are negative. The equation must therefore, in 
either case, have imaginary roots. 

202. Theorem. When two or more successive terms 
of mi eqMiion art toaniingf the eqtmtion must have 
imaginary roots, 

Demonsfration. For the second deficient term may be 
suppGed with zero affected by the same sign as that of the 
term preceding the deficient terms ; and the first deficient 
lerm i^ thep priQceded and followed by terms having the same 
fign^ so that there must, by the preceding article, be imagi- 
nary roots. 

203. Theorem, When an uneven number (m,) of 
successive terms is wanting in an equation^ the numr 
ber of im^aginary roots must be at least as great o5 
(m + 1)> */ l^^ term preceding the deficient terms 
has the same sign with the term following them ; and 
ike num^bsr of imaginary roots must be at least as 
great as (m — 1), if the term preceding the deficient 
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terms has the reverse sign of the term foUowing ' 
them. 

Demonstration, Let n denote the degree of the eqaation, 
p the number of permanences of the given equation which 
are independent of the deficient terms here considered^ 
- and V the number of variations ; the number of successions 
which are dependent upon these deficient terms must be 
(m ^ t) ; so that, as in art. Id8, 

^■+-p4-"»4-i = »»» 
or 

. »+jp = n— (m + 1). : 

First, If the sign of the term preceding the deficient 
terms is the same with the sign of the term following them ; 
supply the place of each deficient term with zero affected 
by this same sign. All the successions, dependent upon the 
deficient terms, naiist in this case be permanences ; so that 
V will be the whole number of variations of the given equa- 
tion, and Me number of positive roots cannot therefore ea> 
eeedv. 

But if the sign of every other zero beginning with the 
&rst is reversed, namely, of the first, third, fifth, d&c, all the 
permanences dependent upon the deficient terms are changed 
into variations ; so that p will be the whole number of per« 
maaences of the given equation, and the number of negative 
roots iamiei therefore ezeeed p. 

Hence the ,who)e number of real roots cannot exceed 

/ . t;H-p = n — (m+ 1); 

aad^ therefore, the ren»ainiiig (m -f» 1) roo^ jousl he wagi- 
nary. 

Bccondlyr. If the sign of the term prectSng the deficient 
terms is the reverse of the $ign qf the term fellawing them^ 
19« 
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•(^i|dy the place of each deficient term ,with zero affected 
by the same sign as that of the term preceding the deficient 
terms. All the successions, dependent upon the deficient 
terms,' must in this case 'be permanences, except the last, 
which is a variation ; so that v -^ I will be the whole, num- 
ber of variations of the given equation, and the number of 
positive roots cannot, therefore, exceed v -\- I. 

But if the sign of first, third, fiflh, dz^c. zeros be reversed, 
all the permanences dependent upon the deficient terms are 
changed into variations, and the variation is changed into a 
permanence ; so that p -f- ^ ^^^ ^ ^® ,whole number of 
permanences of the given equation; and the number vf 
negative rdots cannot, therefore, exceed p + 1. 

Hence the whole number of real roots cannot exceed 
v+p + 2^n— {m+ I) + 2 = n — {m— l)i 
mad, thereto, the remaining (n ^- 1) roots must be imagi- 
nary. 

204. Theorem* When an even number of succes- 
sive terms is wanting in an equation^ the number of 
imaginary roots must be at least a^ great as the 
m^imber of these deficient tm-ms, . 

Demonstration, Let m, n, p, v, and 5 be used as in the 
preceding article. Let the place of the first deficient term 
be supplied by zero affected with the same sign as that of 
the term which follows the deficient term«. 

The number of deficient terms is thus reduced to the un- 
even number m — 1 ; and, as the term preceding the de- 
ficient terms is now of the same sign with that of the tenft 
foUowing then^, the number of imaginary roots of the eqfi«- 
tion must, by the preceding article, be at least as great as 

^m — 1) -f 1 =£ m. 
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205. Corollary. Any equation of the third degree 
may, by art. 170j.be reduced to the form 

u^ + PM + q =-0 

in which the second term is wanting ; and this equa- 
tion must, by art. 202, have two imaginary roots, 
whenever p is positive. 

206. Theorem. The equation 

" 1*3 — pu 4- ? = 
must have two imaginary roots, whenever p is posi- 
tive, and 

Demonstration. Since the given equation is of the third 
degree, it must, by art. 193, have at least one .real root. 
Denote this root by a; and the equation is, by art. 161, 
divisible by u — a; and the quotient is evidently of the 
fiMrm - 

«* -j- a ti + ^ 5 
so that the other two roots of the given equation are the 
same with those or thes equation 

tt2 -|-. aii.-(- 6— s 0. 
Now, by art. 154, the roots of this equation are Imaginary, 
. when 

and not otherwise. 
- But the product of the two factors, 

a« — a and u^ -{- au-^b^ 

tid _ ^1,2 — 5^,1 — 1,5. 
wbk^y CQiapaMd with the pvea equation^ fires : 

g B3 — a k 
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Superior Limit of Poiitive Boott. 
When the given equation fias imaginary roots, we have 

1,2 _ 5 < ^2 _ J 0,2, 

that is, 

also • 
that is, 

SECTION II. 
Limits of the Real Roots of an Equation. 

307. ~A number, which is greater ^an the greatest 
of the positive roots of an equation, is called a su- 
perior limit of the positive roots ; and one, which i^ 
less than the least of the positive roots, is called on 
inferior limit of the positive roots. 

In the same way, a superior limit of the negative 
roots is a number which,, neglecting the signs, is 
greater than the greatest negative root ; and an infe^ 
rior limit of the negative roots is a number which is^ 
less t)ian the least negative root. 

208. Problem. To find a superior limit of the post- 
five roots. 

iSohiiian. The sum of all the negative terms being equal 
to the sum of all the positive terms, must exceed ^eh posi- 
tive term. Let, then, — ;Sf be the greatest negathre eoeffi^ni 
of the equation of the nth degree, and m the e]q)bnent of the 
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Ugbetl negtttive term ; the mm of the negatiTe terms, neg- 
lecting iheir signs, must evidently be less than that of the 
series 

for each term of this series is greater than the correspond- 
ing negative term of the equation^ 

Bat this series is a geometrical progresSidi of Mrhich 8 is 
the first term, 8x^ the last term, and x the ratio; so that its 
sum is, by example 3, of art. 186, 

8t^ + ^ — 8 
x—l • 
and must be greater than any posilire term, as r", or 

8x^+^ — 8 ^ 5tc« + i 
X — I X — 1 

Hence . 

or 

But, since 

2— 1 <x and (x— l)»-«-i <2«-s«-i, 
we must have 

(2— l)«-«<(a; — \)x«~«-^<i8^; , 
and, therefore, 

« — m 

x — K s/8, 

•r 

« — m 

If we, then, denote by L this sapeiior Ihah of tin )>OM(ive 
roots, we have 
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that is, a 9tiperwr Kmit of the positive roots is unity j 
increased by that root of the greatest negative coeft-- 
dent, whose index is equal to the number of terms 
which would precede the first negative term, if no 
terms were wanting. 

209. Problem. To find cm inferior limit of the 
positive roots* 

Solution. Substitute in the given equation for t, the value 

1 

- = -. 

and find, bf the preceding article, a superior liikiit of the 
positive values of y, after the equation is reduced to the 
form of art. 168 ; and denote this Hmit by L*. 
We have, then. 



and, therefore, 

II 
y>r" . 

or 

so that Y7 ^B *^ inferior Kmit^of the positive roots of the 
given equatioQ. 

SIO. Problem. To find the limits of the negative 
roots of an equation, 

Selutien. Substitute for x 

aj = — y, 

and the positive roots of Che equation thus formed are the 



CH. VIII, ^ 111.] COiaiSJ)f«UBABL& ROOTS. 221 

IntegnJ K(4>t. 

negatWe rooU of Ibe given equation; and, therefore^ the 
' limits of its pooitire roots become, by changing their signs, 
the required limits. 



SECTION IIL 
Commensurable Roots. 

211. A Cofnmensurahle Root is a real root which 
can be exactly expressed by whole numbers or frac* 
tions. 

212. Problem. To find the commensurable roots of 
the equation 

2*+ax*-i + 6a^~« + &c. -f /x + m = 0, 
in which a, 6, 4*c. are aU integers, either positive or 
negatipe. 

' Solution. Iiet one of the commensurable roots be, when 
reduced to its lowest terms. 

As this root must rerify the given equation, we have 

whence, muhiplying by gr"— ^ and transposing, we obtain . 

— =z — ap*— ^ — bp^r-^ q — &c. . . . — m^»— ^; 

and, therefore, ^s the second member is integral, the first 
member must also be integral, or we must have ' 

?=1, 
whence ^ , 
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that is, every commensurable root of the given equa* 
tion must be an integer. 

Again, the substitution of 

in the given equation, produces 

j»» -f ap»-i 4" ^^- • • + ^P^ + ^P + f^ =^; 

whence, dividing by p, and transposing, we obtain 

lit 

- = — / — kp — &c. . . . — ap*— ^ — p*"^; 

P 

and, therefore, as the second member is integral, the first 
member must be so likewise; that is, every integral root 
must he a divisor of m. 

If, now,_we denote by m', 

the preceding equation gives, by transposing and dividing 
by py % 

— = — k — ip — hp^ — gp^ — &c. — a/i*— 3 — j>»— 2, 

so that this integral root must likewise be a divisor of mf. 
In the same way, if we use m", m'"^ m»^, &c. as follows : 

«'" = _ + ,• 
P 



h 
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this integral root must be a divisor ofm", mf", m*^, &c. j and 
the, last condition to be satisfied is 

wt*-n-|-|i =0, or fur*— 1] = — p. ' 

Hence to find alt the commensurate roots of the given 
equation^ write in the same horizontal line all the integral 
divisors of m, which are contained between the extreme limits 
of the roots. 

Write below these divisors all tlie corresponding values 
of m'y m", S^c. which are integral, remembering that a 
divisor cannot be a root, when the values which it gives for 
either m', m", m"\ Sfc. is fractioncd. 

Proceed in this wa^ till the values of mC* — ^3 are obtained, 
and those divisors only are roots which give — p for the 
value of this quantity, 

EXAMPLES. 

1. Find the com mensurable roots of the equation 
• a;5 _ 19z^3 ^34x2 + 15ia; — 40 == 0. 

Solution, The eiUr^ipe limits of the real roots are -f- 7,4, 
and — 7,8. Hepce we have 

m = — 40; 

2, 1, -^ 1, — 2, — 4,-5; 

_ 8, —28, 52, 32, 22, 20 ; 

30, 6, —18, 18, , 30; 

_ 4, — J3, — 1, —28, , —25; 

— 2, -^13, 1, 14, , 5. 

and, therefore, 2, — 1, and — 5 are roots of the given 
equation, and its first member, divided by the factor 

^a: — 2) (x +1). (x + 5) = x^ ^ 4 x« — 7 x — 10, 

,20 



p = 


5, 


4, 


m' = 


4, 


^, 


m" = 






m'" = 






»l'^^=r 
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giTes the qaolient 

x^ — 4x + 4;^ 

andy therefore, the remaining roots are those of the equation 

x2_4a; + 4 = 

which are equal to each other, and each is 

« = 2. 

2. Find the commensurable roots of the equation 

x8_3x7— 10««— 2a^+6a:3+21x2_3a;— 10 = 0. 
Ans. 5, 1, — 1, and — 2. 

3: Find all the roots of the equation 

«* + x« — 24 jc« + 48 X — 21 = 
which has commensurable roots. 

Ans. 1,^, — f it iV^. 

4. Find all the toots of the equation 

xs _ 6 z2 + 19 1 — 44 == 
which has a commensurable root. 

Ans, 4, and 1 db \/ — 10. 

5. Find all the roots of the equation 

x* _ 10 x« -f 35 2« — 50 « + 24 — 

which, has commensurable roots* 

- Ans. 1, 2, 3, 4. 

6; Find all the foots of the equation 

X 6 _ 3 X 4 -. 8 X 3 + 24 X 2 — 9 X + 27 =at 
which has commensurable and equal roots. 

Ans. 3, — 3 and :ir \/ — 1. 

7^ Find all the foots of the equation 

x6_23x4— 48x3 + 95x2-|-400x+375 = 
which has commensurable and also equal roots. 

Ans. 8, 5, and — 2db\/ — 1- 
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CommeiMurtble Rools of any Eqaatioa. 

213. Problem. To find the commensur<Me roots of 
an equation. 

Solution, Keduce the equation to the f<»m 

il «» + J8 2«-i + &c . . . + Ir a; + Jf = 0, 
in which A^ B^ &c. are all integers, either pojsitive or nega- 
tive. 

Substitute for arthe value 
and the equation becomes 

wlach, multiplied by il*~^, is 

^^By^-^+ACy^-^+^c. . . -^A^^Lf^+A^^M^fk 
The commensurable roots of this equation may be 
found, as in the preceding article, and being divided 
bjf A, will give the commensurable roots of the re- 
quired equation. 

214. Scholium. The substitution of 

is not always the one which will lead to the most 
simpler result. But when A has two or more equal 
factors, it is often the case that the substitution 

.A' 
will lead to an equation of the desired form, A^ being 
the product of the prime factors of A^ and each factor 
is scarcely ever repeated more than once. 



333 AliGEBRA. [CH. ^111. ^ III. 

Commemurablo Roots of kny Equfttioo. 

EXAMPLES. 

1. Find the commensurable roots of the equation 
^a:* — 328x3 + 674 5c2 — 393 a: + 00 = 0. 

Solution, We have, in this case, 

^ = 64 = 2« ; 
hence we may take A' equal to some power of 2 ; and it is 
easily seen that the third power will do, ^o that we may 
make 

Hence the gi?en equation becomes 

y4 _ 41 y3 -|. 574^2 _« 3144^ + 5760 = 0. 
The commensurable roots of which are found, as in art. 211, 
to be 

y = 4, 6, 15, and 16; 
90 that the roots of the given equation are 
x = J, I, 1 J, and 2. 

2. Find the commensurable roots of the equation 

8 X 3 + 34 22 — 79 X + 30 = 0. 

Ans. J, |, and — 6. 

3. Find the commensurable roots of the equation 

24 x3 — 26 x2 + 9 X — 1 = 0. 

Ans. J, ^, and ^. 

4. Find the commensurable roots of the equation 

3 x3 — 14 x2 -|. 21 X — 10 = 0. 

^ Ans. 1, f , and 2. 

5. Find the commensurate roots of the equation 

8 X* — 38x3 + 49 a;2 _ 22x + 3 = 0. 

Ans. i, j^f 1, aod 3 
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I I II* I III ■ ... ■ II 

Incommensurable Roots whose difference is greater than E. 

6. Find all the roots of the equatioD 

6 x» + 7 «» + a» x + 63 = 
wbich has a commensurable root. 

Ans. — J, and^ ±: i V —^h 

7. Find the commensurable roots of the equation 
9z«+30xft+222* + 10x8 + 17x2—202+4=0. 

Ans. ^ and ^—2. 



SECTION IV. . 
IneomoMnsorable Roots. 

215. A real root, which cannot be exactly expressed 
m numbers, is called an incommenmrable root 

216. Problem. To find the incommensurable rooie 
of an equation^ the difference between every ttoa of 
whose roots is known to exceed a given quantity M* 

Solution. Form the arithmetical progression 

0, E, 2E, ZE, A Ey &.C. 

continued to the superior limit of the positive roots / 
also the progression 

0, — jB, — 2 jB, — 3 ^, &0, 

continued to the superior limit ff the neg(xtive roots. 
SubstitntCj suceessiveltff each term of each of these' 
progressions for the unknown quantity in the firsi 
member of the eqiuUion, reduoed to the farm of art* 
160. 

20* 
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Pedmal places to be retaioed. 

TVhen two successive Values €f the first member 
thus obtained are affecttfd by opposite signs, a root 
mtisty by art, 190, be contained between the correMpondr- 
ing terms of the series, and not ^more than one root, 
because the difference between two roots is greater 
than that between two terms of the series. 

Either of these two terms of the series must, there^ 
fore, differ from the root by a quantity less than E, 
less, therefore, than unity, when E is equal to (hr less 
than unity ; and may be asstmted as the first approx^ 
imation to this root. 

Butifone or more integers are contained between 
the two terms of the series, which must be the C€ise 
when E is greater than tmity, the successive substitu* 
ium of these integers for the unknown quantity of the 
equation will give an integer, widch differs from the 
root by a qimntity less than unity, and which is to be 
preferred as the first approximation to its value. 

Representing this first approximation by w, and 
the quantity by which it differs from the true root 
by h, substittUe 

w + h 
for the unknown quantity in the equation ; and since 
h is less than unity, its potvers must be still smaller^ 
and the terms containing them may be omitted, so 
that the result may he reduced to the form 

^ A + B = 0. 

The value of A, obtained from this equation, sub- 
sfituied in 

w + h, 
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gives a second approximation to the value of. the root^ 
Jrom which a third approximation may be obtained in 
the same way that this was obtained from the first 
approximation^ and so on to higher approximations. 

217. Scholium. It is advisable to reduce all the 
calculations of this solution to decimal fractions ; and 
retain in each multiplication or division only one or 
two decimal places beyond the probable accuracy of 
the approximation. 

The third approximation is rarely exact beyond 
three places of decimals; but every further approxi- 
mation may usually be relied upon to twice as many- 
places of decimals as its preceding approximation. 

218. Scholium. The real roots of most equations 
which are met with in practice differ from each other 
by more than unity, or, at least, only one real root is 
usually included between twa successive integers, so 
that the substitution of all the integers cpntained be- 
tween the extren^ie limits of the roots will usually lead 
to their dispovery. Even if this substitution of the 
integers is unsuccessful, it is rarely useless, for the pro- 
gressive increase or diminution of the values of the 
first member will usually indicate the integers which 
are nearest to the roots ; and the substitution of frac* 
tional values which differ but little from these integers- 
can hardly fail of success^ 

219. Scholium. Before applying this solution to au 
equation, it is almost always advisable to transform U| 
as in art. 170, to a form in which the second term is 

^ wanting. 
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Examples of iDcommeiiBurable Rootf. 

♦ 
EXAMPLKS. 

1. Find the real roots of the equation 

23 _ 15 x2 -^ 72 2 — 109 = 0. 

ShhtUon, Transform it, as in art. 170, by substitiiting ibr x, 
x = u + 5, 
by which it becomes 

tt3— 3tt + l=0; 

and the limits of u are 1 -|- V3, and — 1 — V3- Now 
the substitution for u of v 

8,2,1,0,-1,-2,-8 

gives for ^e corresponding values of the first member 

19, 3,-1, 1,3,-1,-17; 
80 tb|U there must be a real root 

between 1 and 2, « 

a second between and 1, 
and the third between — • 1 and — 2. - 
Now the substitution of 

u =z w -^ h 
gives, by neglecting all the powers of k, but the firsts 
tt,3_3tt,^ I+Sws A — 3A = 0, 

whence 

w^ — Bw+l 



/• 


— 3 — 8to» 


In order to find the first root, let 


and we have 


«^=rl. 
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which is usel^Mt, and we must therefore make, 

» =s 3, 
which gives 

/* = — ?=— 0,3, . ^ 

and 

w = 1,7. 

Again, the substitution of 

«^= 1,7 
gives 

A = — 0,15 
and 

u = 1,55. 

Again^ the substitution of 

w= 1,55 

gives ^ 

A rr^— 0,018 

and 

w=z 1-532. 

Lastly, the substitution of 

tt?= i-53« 
gives 

A = 0,000080 
and 

u = 1,532080. 

In the same way the other two roots may be found to be 

«== 0,347296. 
and 

M=— 1-879399. 

2. Find the real roots of the equation 

2 2* —20 a: 4- 19 = 0. 

Solution. Since two successive terms are wanting, this 



238 ALGBBEA. [oh. Tiff. ^ !▼ 

Examples of Incommensurable Roots. 

equation must, by art. 202, have at least two itnagiDary 
roots ; and also since the substitution of 

«=r— y 
gives 

. •2y*+20y+19 = 0, 

which evidently cannot be satisfied by a positive value of y, 
the given equation cannot have negative roots. The limits 

3 

of its roots are therefore 0, and 1 -^ \/ 10> ^^^^ ^9> ^ ^^^ ^>^* 

The subs^tution then for z, of 0, 1, 2, 3, 4, gives for the 
corresponding values of the first member 

19, 1, 11, 121, 451; 

so that if there is a real root, it is probably nearly I. Now 
the substitution of 0,9 and of 1,1 for x, gives for the values 
of this first member : 2,3122 and — 0,0718; ..so that there 
must be a real root between 1 and 1,1, and another between 
1,1 and 2 ; and these roots are found as above tp be nearly 
1,0922 and 1, 5914. 

3. Find the approximate real root of the equation 

tt3 _ 12 z + 132 = 0. 

Ans. — 5,872052. 

4. Find the approximate real roots of the equation 

X* + 8 2;a + 16 X — 440 = 0. 

Ans. 3,976, and —4,3504. 

5. Find the approximate real roots of the equation 

5a:3_6a; + 2=0. 

Ans. 0,856, 0,379, 4ind — 1,234, 

220. Problem. To find an inferior Kmii of the dif- 
ference between ttoo roots of an equation. 
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Inferior Limit of the Difierence of the Root. 
Soiutiau. Let the equatkm be 

represent two of its roots by x' and z", and their difference 
bj D, so that we have 

Ax'* + B i'»-i + &c. = 0, 
'Ax^'*+ Bx"*-^ + &c. == 0, 

The elimination of xf and x" between these equations gives 
an equation containing only Z>, whence the inferior limit of 
D is determined as in art. 209k 

321. Scholium. It Is plain, from the remarks of art. 
218, that the solution oif this problem can rarely be of 
any practical use, and yet it is important to complete 
this chapter. 



EXAMPLES. 

1. Find the inferior limit of the difference of th^ roots of 
the equation 

7 x« — 6.x + 2 = 0. 

Solution, The elimination of xf and x" between the equa- 

Uons 

7x^8 — 62^+2^0, 

7a/'3_6x'' + 2 = 0, 

X' — x" = jD, 

gives 



[/>« — 756 />a— 324 = 0; 

and therefore, we have, by art. 209, 
D > 0,4. 
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Inferior Limit of the Pilierenee of the Root. 

2. Find the inferior limit of the differenee between two 
roots of the equation 

5x3—32—1 = 0. 

Ans. 0,4. 

3. Find the inferior limit of the difference between two 
roots of the e'quation 

l00i3_27z + 5 = 0. 

Ans. 0,3. 

4. Find the equation for determining the difference be- 
tween two roots of the equation 

Ax^—Bx + C=^0. 
Ans. A^ D^—ZAB^D'^—^7AC'+2B^=zO, 

m which D denotes the required difference. 
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Value of Continued Frtctions. 



CHAPTER IX. 

Continued Fractions. 

2SSi. A continued fraction is one whose numerator 
is unity, aud'its denominator an integer increased by 
a fraction, whose numerator is likewise Unity, and 
which may be a continued fraction. 

Thus, 

and —^ 



* 6+^ 



c + ' 



■ d + d&c. 
ar« coiitHiiied fraotioiit. 

223. Problem. To find the value of a continued frac- 
tion which is composed ofafimte nurnber of fractions. 
Solution. Let the giy^n fraction be 
1 

.4' 






Beginoing with the la^t bf^im, we haie sop^68iifj^lf 



d" d 
1 



, 1 "" cd4-l 
21 
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Value of Continued Fractions. 
ij.1 d _ b(cd+l) + d 

'+5 



cd 



±J__— ««t+l 



* + — I 

, 1 . _ ad{bc-^l)-\-ab + cd + l . 

•• + — 1 - {bc+l)d + b 



' + 5 



(6c + l)rf + 6 



1 " ad(bc+l) + ab + cd + l 

"^ h + l— _^ {bc+l)d + b 

c+i ~{ab + l)cd + ad+ab + V 

and this method can easily he applied in i^ny other ciMie. 



EXAVPLKS. 

1. Find the value of the continued fraction 
1 

9. Fmd the value of the continued fraction 

, 1 

4 + ? 



8+- A T 

r 2 ^IM. A. 
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Approximate Values of Continued Fractions. 

224. Problem. To find the value of an infinite con- 
tinned fraction. 

SobUion, Let the fraction be 
1 



.+i 



m' 



An approximate value of this fraction is obviously 
obtained by omitting all its terms "kcyond any assum- 
ed fraction, and obtaining tlie .vaiue of the resulting 
fraction] as in the previous article^ 



Thus we obtain, successively, 

1 ^1 

a a 

1 ' b 



, K ab + l 



Ist approx. -value. 
2d approx. value. 



1 bc + l 

? = / iL , ,v — n- 3d approx. value. 

^ . 1 {ab+l)c + a 

*• "r 1 d&c. d&c. 

and each of these values is easily shown to be more accurate 
than the preceding ; for the second value is what the first 
becomes by substituting, for the denominator a, the more 

accurate denominator a -(- ^ ; the third is what the second 

becomes by substituting, for the denominator b, the more 

accurate den>>minator 6 + - ; and so on. 

c • ^ 
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AppfozioMtte Values of Contiaued FnictioM. 

225. Theorem. The numerator qfany appfoximate 
value, as the nth, is obtained from the numerators ((f 
the two preceding approximate values, the (n — l)st, 
and the (n— '2)nrf, by multiplying the {n — l)9t nu- 
merator by the nth denominator contained in the 
given continued fraction, and adding to the result the 
numerator of the (n — 2)nd approosimate value. 

The denominator of the nth approximate value is 
obtained in the same way from the two preceding de- 
nominators. / 

Dtm^nstration. Let the (n — 3)rd, (n — 2)nd, (n— I)8t, 
and nth approximate valuea be respective! j "" 

E L E A ^ 

K" L" M" "" iV" 

and let the (n — l)st and the nth denominators, coi^ta^ied 
in the given continued fraction, be p and q. 

We shall suppose the proposition demonstrated for the 
(n — l)9t approximate value, and shall prove that it can 
thence be continued to the nth value ; that is, we fhall sup^ 
pose it proved that 

M _ pL + K 

M''^ p L'+J^' 

Now it is plain, from the remarks at the end of the preceding 
article, that the nth value is deduced from the (n — l)st, by 

changing p into p-i--; which change, being nxad^ in t^^ 

preceding value, gives 
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Dififorence between lucceasive Approximate Values. 

Hence we have^ by substituting 

M=pL+K, 
M'r=pL' + K'; 

N Jf g + Z > 

that is, the value required to satisfy the theorem. 

If, therefore, it can be shown that the proposition is true 

for any a[^roximate value, it follows that it most be true ibr 

every succeeding value. But the comparison of the values 

. given in the preceding article shows that it is true for the 

third value, and therefore for every succeeding value. 

226. Theorem. If two succeeding approximate val- 
ues are reduced to a common denominator equal to the 
prod'Uct of their denominators^ the difference of their 
numerators is unity. 

Demonstration. Let the (n — 2)nd, (n — l)8t, and nth 
approximate values be 

L^ M A ^ ^ Mq + L 

L' M' N^^^M^q + L^' 

the difference between the (n — 2)nd and (n — 1 )st is ' 

LM' — L' M 
=*= , h'M! ' 

and that between the (n — l)st and nth is 

M'N-^M N' _ ^ {MM—MM )q +ML—M L' 
.^ M'N' "^^ M'lSf 

_ ^ LM — L'M 

"^ WN' ' 

of both which differences the numerators are the same; and 
therefore, this is always the case, 
21» 
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Approzimftte- Value compared with True Value. 

Now the first and se'cpnd approximate values, as given in. 
art. 224, are, when reduced to a Common denominator, 

ab + l ' ab 
~ and 



a(ab + l) a(ab+l); 

the difference of the numerators of which is 1 [ and therefore 
unity must always be the difference of two such numera- 
tors. 

227. Theorem. The approximate valws qf a con^ 
ik^ued fraction are alternately larger and 9maller 
than its true valuey the first being larger^ the second 
smaller, and so ori altemaiely. 

Demonstration. Since, in the preceding demonstration, 
the subtraction of the (« — l)st value from the (n — )2nd, 
gave a fraction having the same numerator as that obtained, 
by its subtraction from the nth ; we see that if the (w — l)st 
value is larger than the (n — 2)nd, it must also be larger 
than the nth; and if the (n — ])8t is smaller than the 
(n — 2)nd, it is also smaller than the nth. 

But the tru^ value is, by art. 224, nearer the (n — l)8t 
value than the (n — 2)nd, and hearer the nth than the 
(it — l)st ; so that when the (n — l)st value is larger than 
the (it — 2)nd, the true v^lue must likewise be larger than 
the (it — 2)nd, and smaller than the iith, and so on alter- 
nately; but when the (it — l)8t value is smaller than the 
(n — 2)nd, the true vcilue must be smaller thap th^ (» — 2)Qd4 
and larger than the (it — l)st, and so on alternately. 

Now the first value is, by the preceding article, largisr 
than the second^ and therefore the true v«lue is smaller than 
the first, larger than tlie second, and so on alternately. 

228. Theorem, Each approximate -valp^e of <f con- 
tinued fraction differs from th^ true value by a ^u^rif 
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Approximate Value coippared with True Value, 

iitif less than the fraction wfiose numerator is unity, 
and whose denominator is the square of the denomi- 
nator of this approximate value. 

Demonstration. Let the denominMor ^f the two succes- 
sive approximate values be M' and N' ; N' must, by art, 
fSi^ ha larger iha^ M'; and tb^ difference betwfim ihtse 
turo Talues p^ust be 

. 1 

But, by the preceding article, the true value is contained 
between these two approximate values, and therefore differs 
from either of them by a quantity less than their difference. 

Now, siiice 

JIf ' < iV', • . 



we have 
and 



1 1 

M'2 > M' N'' 



so that the true value must differ from the approximate value, 
whose denominator is M'^ by a quantity less than 

I 



that is, less than a fraction whose numerator is 1, and de- 
nominator M' ^. ' 

229. Probletn. To tran^orm any quantity Anto a 
continued fraction. 

Solution. Let X be the quantity to be transformed. 
Find the greatest integer contained iit X, and denote 
it by A J and denote the exce$B of X above' A by the 

fraction — ; and we have 
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Trtnsformation of a Quantity to a Continued Fraction. 



A + ^=X, 



and 



X—A. 



From this value of a/, find the greatest integer c^fir- 
tained in xfy and denote it by aj and the excess of x* 

above aby —\ whence 

from which the greatest integer contained in x" is to 
be foundj and so on ; so that we have 

1 



>r=ii-f 



.+' 



af + &.c. 



EXAMPLE. 

Transform §f^ into a continued fraction. 
Solution, We have, in this case, successively, 
A=:2; 

a' =2; 
a"^l; 
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Approximate Values of Fraction or Ratip. 
and the required continued fraction is 



2 + 



' + 'w 



^0. Corollary, The values of a\ a'*^ S/'c, in the 
case of a vulgar fraction, are evidently the quotients 
wkteh would he obtained by the process of finding the 
greatest eamnmm dms0r of the numerator ^nd d^nom- 
incdqrqfx*. 

The pr^e^ing pVoqe^a niigbt ther^ore be performed as 
follQWs ; 

263|351|l = <r 
263 

88126312 = 0' 

176 
. 87 1881 1 = a" 

8r 

1 1 8r| 87 »» of'' 

0' 

231. Corollary. If a fraction or ratio is transform- 
ed into a continued fraction by the preceding process^ 
the approximate values of this continued fraction are 
also approximate values of the given frojction or ratio 
which ar^ q/ten of great practical use. 

Thus the approximate values of ^, are 
2, 3, f, V; 
of wlftch the l»»t differs from the true falue by only j^. 



250 ALGEBRA. [CH. IX. 

I Approximate Values of Fraction or Ratio. 

EXAMPLES. 

It, Find approximate values of the fraction f^. 

Ans. i, §f. ^, and m. 

2. Find af^roximate values .of the fraction ^x%%W 

Ans. 2V, A» iJ^oV. tWf, iAfW> and T«Afe- 

3. Find approximate values of the fraction ^^Vrf^r* 

4. Find approximate values of the fraction 0,245. 

Ans, ^ and ^. 

5. Find approximate values of the fraction 1,27. 

Ans. ^, i, it, M' and If . 

6. The lunar month performs a revolution in 27,321661 
days. Find approximate values for this time. 

Ans, 27, V> Wy %V»^c- day8» which show that 

the moon revolves about 3 times in 82 days ; or 

• with greater accuracy, 28 times in 765 days ; 

and with still more a6curacy, 143 times in 3907 

days. 

7. The sidereal revolution of Mercury is 87,969255 days. 
.Find approximate values for this time. 

Ans. 88, 2|^6, &c. 

8. The sidereal revolution of Venus is 224,700817 days. 
Find approximate values for this time. 

Ans, 225, HS H"> ^f*^ ^«*^ *^- 

9. The ratio of the circumference of a circle to its dim- 
eter is 3,1415926535. Find approximate values for this 
ratio. 

Ans. 8, V, m> m* ^c. 
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Approximate Roots of Equation. 

93^2, ^Corollary. The procesu of art. 229 may he 
applied to finding the real roots of an equation y the 
approximate values of which, obtained by this process, 
can easily be reduced to decimals. 



EXAMPLES. 

1. Find the real root of the eqaation 

x3 — 3 2 — 8 = 0. 

Solution. We have, in this case, 

il = 2, '-' • 

and if we .substitute 

in the given equation, we obtain 

6z'3_9x'2 — 62'— 1=0, 
whence we have 

a^2; 
and the smbstitution of 

2' = 2 4- — 

gives 

jE'/a _ 30 2''2 _ 27 2" — 6 = ; 

whence we have 

0^ = 32, 
and so on. 
The approximate values of x are, therefore, 
2; ^ = 2,6, 2 e = 2,492, &c 

2. Find the real root of the equation 

2« — 12 2— 28 = 0. 

Ans. 2 s=: 4,80213. 
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Appfoximate Rooti of Equation. 

3. Fifid the reai root of the equafion 

i 3 — W 2 » + 67 a? — 94 = 0. 

Ans. X BE 3,36216. 

233. Corollary. If the given equation is a binomial 
one, as in art% 149, we' can obtain, by this process, a 
root of any degree whatever. 

EXAMPLES. 

1. Extract the square root of 5 by means of continaed 
fractions. 

Solution. Representing this root by x, we have 
»2 = 5, 
whence 

A = 2 ; 

and the substitution of 

gives 

aj'2_4V— 1 = 0; 

whence we have 

a = 4; 
and the substitution of 

gives ' " 

a:"2_4«''— I, 

which, being precisely the same ^ith the equation fbt z', we i 
may conclude that 

4 == a^ of =z of' =zaf'' =:r d&c. 
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Approximate Roots of Equation, 
and the approximating valaes axfi 

and the value in decimals is 

2,23606. 

2. Extract the third root of 46 by means of continued 
fractions. 

Ans. 3,683. 

3. Extract the third root of 35 by means of continued 
fractions. 

An/i. 3,271. 

4. Extract the square root of 2 by means of continued 
fractions. . 

Ans, 1,4142136. 
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EXPONENTIAL EQUATIONS 



AND 
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EXPONENTIAL EQUATIONS 



AND 



LOGARITHMS. 



SECTION I. 

Exponential Et^uATiONs. 

1. An Exponential Equation is one in which the 
unknown quantity occurs as an exponent. 

2. Problem. To solve the exponential equation 

¥ = m. 

Solution. This equation is readily solved by means 
of continued fractions, as explained in Alg. art. 229. 







EXAMPLES 


1. 


Solve the equation 








3* = 


100. 


Solution. 


Since we have 




,A 




3* = 


81, 


la 




. 8» = 


243, 






22* 
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Solution of Exponential Equations. 

the greatest integer contained in z must be 4. Sabstitating 
then 



we have 



or 



and 



3*+^ = 100, 



3*. 3? =61 X 3^= 100; 



which being raised to the power denoted by x\ is 

Bj raising ^ to different powers, the greatest integer con- 
tained in x' is found to be 5« Substituting then 

we ha?^ 



or 



^ 10000000000 /100\-Jt 



3486784401 
Hence 



(l,0460353203\'^' = ~, 



from w^ich the greatest integer contained in z" is found to 
be 4; and in the same way we might oontliiue tho pro- 
cess. 
The approximate values of x are then 
4, 4 J, 4jj*r, = 4,19, .&c. 
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Sidutioii of Exponential Equations. 

2. Find an approximate value for x, in the equation 

a» == 15. 

Ans. X = 2,46. 

3. Find an approximate value for x, in the equation 

10* = 3. 

Aris. a; = 0,477. 

4. Find an approximate value fbr x, in the equation 

Ans, X = 0,53. 

3. Corollary. Whenever the values of p and m are both 
larger or both smaller than unit j, the vallie of z is positive. 
But when one of them is larger than unity while the other 
is smaller, the value of x must be negative ; for the positive 
power of a quantity larger than unity must be larger than 
unity, and the positive power of a quantity smaller than 
unity is smaller than unity ; whereas the negative power, 
^ing the reciprocal of the corresponding positive power, 
must be greater than unity, when iho positive power is less 
than unity, and the reverse. 

Henoe to solve the equation 

in which one of the quantities, b and m, is greater 
than unity, while the other is smaller than unity, 
make 

s = — yj 
which give« 

b-y = w, 
or 



(1)'= 



which may be solved as in the preceding article. 



S60 LOGARlTfilfS. [^ II. 

Positive aod Negative Logarithms. 

EXAMPLES, 

1. Solve by approximation the equation 

Ans. X =s — 0,26. 

2. Solve by approximation the equation 

2? = 4. 

Ans. « = — 1,68. 



SECTION II. 
Nature and Properties or Logarithms. 

4. The root of the equation 

6* = 771 

is called the logarithm of m ; and since, by the pre- 
ceding section, tliis root can be found for any value 
which m may have, it follows that eVery member 
has a logarithm. The logarithm of a number is usual- 
ly denoted by log. before it, or simply by the letter /. 

6. But the value of the logarithm varies with the 
value of b, dnd therefore the value of 6, which is 
called the base of the system of logarithms^ is of great 
importance; and the logarithm of a number may be 
defined as the exponent of tite power to which the base 
of the system must be raised in order to producer this 
number. 
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Logarithm of Product and of Power. 

6. Corollary. When the base is less than nnity, it 
follows, from art. 3, that the logarithms of all num- 
bers greater than unity are negative, while those of 

.all numbers less than unity are positive. 

But wheUy as is almost always the case, the base is 
greater than unity, the logarithms of all numbers 
greater than unity are positive, while those of all 
numbers less than unity are negative, 

7. Corollary. Since 

6« = 1, 
it follows that the logarithm of unity is zero in all 
systems. 

SI Theorem. The sums of the logarithms of several 
numbers is the logarithm of their continued product. 

Demonstration, Let the numbers be m, w', m", d&c, and 
let h be the base of the system ; we have then 
51og.m __ ^^ 

the product of which is, by art. 25, 

5 log.m + iog.w' +ioit.«" -f&c. ^ mm' m" d&c. 
Hence, by art. 5, 
log. m m ml' d&c. = log, m + log- "»' + log- *»" + ^c« 

9. Corollary, If the number of the factors, m, m', &c. is 

It, and if they are all equal to each other, we have 

log. mmm d&c. 3=s log. nt -}- log. m -f- log. m -}- &c. 

or 

log. lit* = n log. m ; 
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Logarithm of Root, Quotient, and Reciprocal. 

that is, the logarithm of any power of a number is 
equal to the logarithm of the number multiplied^ by 
the exponent of the power, 

10. Corollary i If we substitute 

or 

m = s/p, 
in the aboVe equation^ it becomes 

n 

log. p = n log. s/p, 

that is, the logarithm of any. root of a number is equal 
to the logarithm of the number divided by the expo^ 
nent of the root. 

11. Corollary. The equation 

log. mm' == log. w + log. m\ 
gives log. m' = log. mm' — log. m ; 

that is, the logarithm of one factor of a product is 
equal to the logarithm of the product diminished by 
the logarithm of the other factor ; or, in other words, 

The logarithm of the quotient is equal to the loga- 
rithm of the dividend, diminished by the logarithm, of 
the divisor, 

12. Corollary, We have, by arts. 11 and 7, 

log. - = log. 1 — log. n 
n 

= — log. n ; 

that is,'^Ac logarithm of the reciprocal of a number is 

the negative of the logarithm of the number. 
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Logarithms in different Systems. 

13. Corollary. Since zero is the reciprocal of in- 
finity, we have 

log. = — log. 00 == — 00 ; 

that is, the logarithm of zero is negative infinity, 

14 Corollary, Since we have 
61 = 6, 
the logarithm of the base of a system is unity, 

16. Theorem. If the logarithms of all numbers are 

calculated in d given system^ they can be obtained for 

any other system, by dividing the given logarithms 

by the logarithm of the base of the required system 

, taken in the given system. 

Demonstration. Let b be the base of the given system, 
and 6' that of the required system ; and denote by log. the 
logarithms in the given system, and by log,' the jogarithms 
in the required system. Taking then any number m, we 
have, by art. 5, 

Jlog.m — fn^ 

and 
whence 

^/log.'tH _- 5!og.», 

If we take the logarithms of each member of this equation 
in the given system, we have, by arts. 9 and 14, 

log.' m X log. b' =3 log. m X log. b = log. m, 
or, dividing by log. b\ 

log.'iii = =^^. 
® log. ft' 
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Logarithms of a Power of 10. 

' ' ■ ' ' ... I I ■ 

SECTION III. 
Common Logarithms and thbir Uses. 

V 

16. The base of the system of logarithms in com- 
mon use is 10. 

17. CoroUary. Hence, in commoa logarithms, we have, 
by arts. 14 and 7, 

log. 1=0, 

log. 10 = 1, 

log, 100 = log. ^0« =% 

log. 1000 = log, 103 = 8, 

log. 10000 = log. 10* = 4, 

&.C. d&c. 

also log. 0,1 = log. 10- * = — 1, 

log. 0,01 = log. 10^« = — 8, 
log. 0,001 = log. li)-3 -s _ 3, 
&«. 6lc. ; 
that is, the logarithm of a number^ which is composed 
of a figure 1 and cyphers, is equal to the number of 
places by which the figure 1 is removed from, the place 
of units ; the logarithm being positive when the figure 
I is to the left of the units^ place, and negative when^ U 
is to the right of the units^ place. 

18. Corollary. If, therefore, a number is 

between 1 and 10, its log. is between and 1, 
if between 10 and lOQ, its log. is between land 2, 
if between 100 and 1000, its log. is between 2 and 3, 
and so on. 
But if between 0,1 and 1, its log. is between — 1 and 0, 
if between 0,01 & 0,1, its log. is betweeff — 2 and— 1, 
and so on. 
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To find the Logarithm of a given Number. 

Hence, if the greatest integer contained in a logs* 
rithm is called its eharaeteristiCi ike charaeierisiie of 
the logarUhm of a number is equal to the nmmber ef 
places by which its first significant figure on the left 
is removed from the units* place, the characterisHe 
being positive when this figure is to the left of the 
^ units* place, negative when it is to the right of the 
units* place, and zero when it is in the units* place. 

19. Logarithms have been found of such great 
practical use, that much labor has been devoted to 
the calculation and correction of logarithmic tables. 
In the common tables they are given to 5, 6, or 7 
places of decimals. In almost all crises, however, 
5 places of decimals are sufficiently accurate ; and it 
is, therefore, advisable to save unnecessary labor, and 
avoid an increased liability to error, by omitting the 
idaces which may be given beyond the first five. 

20. Problem. To find the logarithm of a given 
number from the tables. 

Solution. First. Find the characteristic by the 
rule of art 18^ 

The characteristic is the most important part of the loga- 
rithm, and yet the unskilful are very apt to err in regard to 
it, not appearing to consider that an error of a single unit in 
Its value will give a result 10 times as great or as small as it 
should be. 

If the characteristic thus found is negative, the 
negative sign is usually placed above it, that this sign 
may not be referred to the decimal part of the loga- 
23 
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Finding a Logarithm. 

riihrn^ which is ohouyM positive. But calculators are 
in the habit of avoiding the perplexity of a negative 
characteristic by subtracting its absolute value from 
10, and writing the difference in its stead; and, in 
the use of a logarithm so written, it must not be for^ 
gotten thai it exceeds the true value by 10. 

Secondly. In finding the decimal part of the loga^ 
rithm^ the decimal point of the given number is to be 
wholly disregarded, and any cyphers which may pre- 
cede its first significant figure on the left, or follow its 
last significant figure on the right, are to be omitted. 

When the number thus simplified is contained 
within the UnUts of the tables, which we shall regard 
as extending to numbers consisting of four places j 
the decimal part of its logarithm is found in a hori- 
zontal line with its three first figures, and in th€ 
column below its fourth figure; the second, thirds 
and fourth figures, when wanting, being supposed to 
be cyphers. 

When the number consists of more than four places, 
and is, therefore, beyond the limits of the tables, point 
off its first four places on the left and consider them 
as integers, regarding the other places as decimals. 

Care must be taken not to - confound the decimal point 
thus introduced with the actual decimal point of the number, 
of which it is altogether independent 

Find, in the tables, the decimal logarithm corre- 
sponding to the integral' part of the number thus 
pointed off; and also the difference between this loga' 
rithm and the one next above it, that is, the togarithm 
of the member which exceeds this integral part by 
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Findiiig a Logtrithm. 

unity; this difference is often given in the margin ftf 
the tables. 

Multiply this difference by the decimal part of the 
number as last pointed off^ and omit in the product as 
many places to the right as there are places in this 
decimal part of the number. 

The product, thus reduced, being added to the deei^ 
mal logarithm of the integral part of the number j is 
the decimal part of the required logarithm. 

21. Corollary. This process for finding the decimal jNurt 
of the the logarithm of a number, which exceeds the limits 
of the tables, is founded on the following law, easily deduced 
firom the inspection of the tables. 

If several numbers are nearly equals their differ^ 
ences are proportional to the differences of their loga^ 
rithms* 

EXAMPLES. 



1. Find the logarithm of 0,00325787. 

Solution. The characteristic is — 3, 
maj be written 10 — 3 = 7. 


instead of which 


For the decimal part, the number ii 
3257,87; 
and we have 

log. 3258 — log. 3257 
now, multiplying by 


1 to be written 

= 15 

.87 


and omitting two places 
on the right. 




105 
120 


we have 
which, added to log. 3257 


= 


13 
51282 



gives 51205; 
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Number €9nmp9mdkDg to Logarithm. 

•ImI Ike fa^ired logarilkn is 

log, 0,00325787 =3751295, 
•r, it may be written 7.51295. 

2. Find the logarithm of 1.8924. Ans. 0,27701. 

3. Find the logarithm of 757.823000. Ans. 8^7956. 

4. Find the logarithm of 0,00041359. 

Ans. T61657, or 6,61657. 

5. Find the logarithm of 0,12345. 

Ans. T,09149, or 9^149. 

6. Find the logarithm of 99996. Ans. 4,99999. 

22. Problem. To find the number corresponding to 
m given logarithm. 

Solution. First. In finding the figures of the re- 
quired number^ the characteristic is to be neglected. 

When the decimal part of the given logarithm is 
exactly contained in the tables y its corresponding num^ 
ber can be immediately found by inspection. 

But when the given logarithm is not exactly con^ 
tained in the tables, the number , corresponding to the 
logarithm of the table which is next below it, gives 
the four first places on the left of the required numr- 
ber. 

One or two m^yre places are found by annexing one 
or two cyphers to the difference between the given 
logarithm and the logarithm of the tables next below 
itf and dividing by the difference between the logarithm 
of the tables next below and that next above the given 
logarithm. 
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' Number eorresponding to Logarithm. 

' When tables are need in whieb the logarithms are giren 
to fire places, the accuracy of the corresponding nombers is 
BeTer to be relied upon to more than 6 places, and rarely to 
more than 5 places; so that in finding the last quotient, one 
place is usually sufficient 

Secondly. The position of the decimal point of the 
required number depends altogether upon the charac* 
teristic of the given logarithmy and is easily ascer^ 
tained by the rule of 'art. 18; cyphers being prefixed 
or annexed when required, 

KXAMPIiKS. 

1. Find the number, whose logarithm is 8.19935. 
Solution. We hare for the logarithm of the tables next 

below the given logarithm 

,19312 = log. 1560. 
Hence 

the diff. between given log. and log. 1560 =3 i3» 
also log. 1561 ~ log. 1560 = 28» 

and the quotient iff <> = 46 
gives the two additional places; so that the six plac^ of 
the required number are 

156046;^ 
and the number is, therefore^ 

156046000. 

2. Find the number, whose logarithm is 2,13511. 

Ans. 136,49a 

3. Find the number, whose logarithm iff 1,76888. 

Ans. 58,7328. 

4. Find the number,^ whose logarithm is 0,11111. 

Ans. 1,29154. 
23* 
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Multiplieation of Logaiitbmt. 

6. Find the number, whoee logarilbai it 2,96367. 

Ans. 0,0M2876. 
6. Fiad the number, whose logarithm, when written 10 
more than it should be, is 9,35846. 

Ans. 0422838. 

23. Problem. To find the product of two or more ' 
factors by means of logarithms. 

Solution. Find the sum of the logarithms of the 
factorSy and the number ^ of which this sum is the 
logarithm^ isy by art. 8, the required product. 

When the logarithm of any of the factors is written^ as 
in art. 20y 10 more than its true value, as nuiny times 
10 should he subtracted from the result as there are 
tWih logqarithms. 

EXAMPLES. 

1. Find the continued product of 78,052, 0,6198, 341000^ 
100,008, and 0,0000. 
Solution. We find, from the tables, 

log. 78,052 = 1,89238 

10 -flog. 0,'6198 =r 9,79085 

log. 341000 ==: 5,53275 

log. 100,008 ^ 2,00003 

10 -|- log. 0,0009 = 6,95424 

log. 1479960 6,17025 
and the required product is 1479960. 
In the sum of the preceding logarithms 20 was 
neglected, because two of the logarithms were 
written 10 more than they should be. 

' 2. Find the continued product of 0,0001, 7,9004, 0,56, 
0,032569, and 17899,1. Ant. 0,259347. 
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InvolutioQ by JLogarithmi. 

3. Find the continued product of 3,1416, 0,559, and 
64,01. Ahs. 112,41. 

4. Find the continued product of 3,26, 0,0025, 0,125, 
and 0,003. Ans. 0,00000611257. 

24. Problem. To fnd any power of a given number 
by means of logarithms. 

Solution. Multiply the logarithm of the^ given 
nurnher by the exponent of the required power , and the 
number y of which this product is the logarithm^ is, 
by art. 9, the required power. 

When the logarithm of the given number is written 
10 m,ore than it should be, as many times 10 must "be 
deducted from the product as there are units in the 
given exponent. « 

EXAMPLES. 

1. Find the 4th power' of 0,98573. 
Solution. We ha?e,~by the tables 

10 + log. 0,98573 = 9,99375 
multiply by 4 ^ 



10 + log. 0,9446 =9.97500 
and the required power is 0,9446. 
In the above product, 40 should have been neg- 
lected, but in order lo avoid a negative character- 
istic, only 30 was neglected, leaving the exponent 
10 too large. 

2. Find the third power of 0,25. Ans. 0,015625. 

3. Find the 7th power of 3,1416. Ans, 3020,28. 

4. Find the square of 0,0031422. 

Ans. 0,00000967325. 
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Evolutioo by Logarithmi. 

25. Problem. To fnd any root of a given number 
by means of logarithms. 

Solution. Divide the logarithm of the given num^ 
ber by the exponent of the required rooty and the 
number y of which this quotient is the logarithm^ is, 
by art. 10, the required root. 

When the logarithm of the given number has a 
negative characteristic^ instead of being increased by 
10, it should be increased by as m^ny times 10 as 
there are units in the exponent of the root, and the 
quotient will in this case exceed its true value by 10. 

EXAMPLES. 

1. Find the fifth root <$f 0,028145. 
Solution. Wo hare, by the tables, 

50 + log. 0,028145 = 48,44940, 
which, diTided by 5, gives 

10 + log. 0,489644 = 9,08988, 
and the required root is 0,489644. 

2. Find the cube root of 0,002197. Ant. 0,13. 
8. Find the 10th root of 0,000.000001. Ans: 0,12589. 
4. Find the square root of 238,149. Ans. 15,4317. 

26. The arithm^ical complement of ^a logarithm 
is the remainder after subtracting it from 10. 

27. Corollary. The arithmetical complement of 
the logarithm of a number is, by art. 12, and the pre^ 
ceding article, the logarithm of its reciprocal increase 
ed by 10. 
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Arfthmetieal Complement. 

28. Corollary. The most convenient method of 
fnding the arithmetical complement of a logarithm 
is to subtract the frst signifcant figure on the right 
from 10, and each fgure to the left of this figure 
from 9. 

EXAMPLES. 

1. Find the arithmetical complement of 9,62595. 

Ans. 0,37405. 

2. Find the arithmetical complement of the logarithm 
of 6. Ans. 9,22185. 

3. Find the arithmetical com^ement of the logarithm of 
0,07. Am. 11,15490. 

4. Find the reciprocal of 0,01 11& 
Soiutian, We ha?e, by the tables, 

log. 0,01115 (ar.co.) 11,95273 
subtract 10 



log. 89,608 1.95273 

and the required reciprocal is 896,8. 

5. Find the reciprocal of 2330. Ans. 0,00042918. 

6. Find the reciprocal of 68,99. Ans. 0,014494. 

29. Problem. To find the quotient of one number 
divided by another by means of logarithms. 

Solution. Subtract the logarithm of the divisor from 
that of the dividend, and the number, of which the 
remainder is the logarithm, is, by art. 11, the required 
quotient. 

Or, since, by art. 58, multiplying by the reciprocal 
of a number is the same as dividing^ by it, add the 
logtmihm of the dividend to the arithmetical cample^ 
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Division by Logiu^thmi. 

ment of the logarithm of this divisor^ and the sum 
diminished by 10 is the logarithm of the quotient. 

When the logarithm of the dividend is written 10 
more than its tnte valtie, 20 must be subtracted from 
the sumj instead of 10. 

EXAMPLES. 

1. Divide 0,01478 by 0,9243. 
Solution. We hare, by the tables, 

10 + log. 0,01478 8,16967 

log. 0,9243 (ar. co.) 10,03419 

10 + log. 0,01599 8,20386 
and the required quotient is 0,01599. 

2. Divide 0,00615 by 0,002^ Ans. 3,26. 
S. Divide 40,32 by 2240. Ans. 0,018. 

4. Divide 0,875 by 25. Ans. 0,035. 

5. Divide 0,013 by 0,13. Ans. 0,1. 

30. Corollary. The value of any fraction may be 
found by adding together the logarithms of all the 
factors of the numerator and the arithmetical compU' 
ments of all the factors of the denominator^ and sub- 
tracting from the sum as many times 10 as there are 
arithmetical complements plus as many times 10 as 
there are logarithms of the factors of the numerator, 
which are written greater than their true value by 10 ; 
the remainder is the logarithm of the fraction. 

EXAMPLES. 

1. Find the value of the fraction (Q>^7)t x V19,81 

(1,23)*X(0,005)« 
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Various Ezaroplei of the Uae of Logarithms. 

SoluiUn. We have, from the tables, 

10 + log. (0,327)7 6,70186 

log. V 19,81 0,64844 

log. (1,23)* (ar.co.) 9,97023 
log. (0,005)3 (ar.co.) 14,60206 

log. 3,672 1,92258 

and the required value is 83,672. 

2. Find the value of the fraction ^ C'^^^^ )' 

Ans. 0,2308. ] 

7 

3. Find the value of the fraction ^ / ^^ X V^>Q<>73 v 

^ 126X\/t / 
ilit#. 1,0666. 

31. Corollary. The logarithm of the fourth term 
of a proportion is found by adding together the arUh' 
metical complement of the logarithms ofthefrst term 
and the logarithms of the second and third terms. 

EXAMPLES* 

1. Find the fourth term of the proportion 

963 : 1279 = 8,7 ; x. 

8ohitioH. log. 969 (ar.co.) 7,01637 

log. 1279 3,10687 

k^. 8,7 0,93952 

log. 11,555 1,06276 

and we have x = 11,555. 

2. Find the fourth term of the proportion 

0,0138 : 0,319 =t 76,5 : x. 

Ans. X =: 1768,3. 
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, EzponentUl Equation. 

32. Problem. To solve the es^ponmtial equation 
a* = w, 
by means of logarithms. 

Solution. The logarithms of the two members of this 

equation give 

X log. a = log. m ; 

hence log. m 

X = -. , 

log. a 

or log. X =z log. log. m : log. log. a ; 

that is, the root of this equation is equal to the loga- 
rithm of m divided by the logarithm of a, and this 
quotient may be obtained by the aid of logarithms. 

EXAMPLES. 

1. SoWe the equation 

625« = 3125. 

Solution. We have, from the tables, 
log. 3125 = 3,494S5, 
log. 625 = 2,79588; 
and also 

log. log. 3125 = log. 3,49485 = 0,54343 

log. log. 625 = log. 2,79588 = 0,44642 

log. « = log. 1,25 0,09701 ; 

hence x = 1,25. 

2. Sdve the equation 

3^ » 15. 

Ans. X = 2,464. 

3. Solve the equation 

io« = a 

Ans. X =: 0,477. 
THE Kni^. 
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that he Intends to publish. They show, .throughout, the marks of an 
original thinker. In the present state of the science of 'trigonometry , we 
cannot expect to find much that is actually new in any text-book on the 
subject. But in these works there is a unity^ and homogeneousness, 
which shows that they are not mere compilations, but that they have 
passed through and been reproduced by the author's own mind. The 
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anilysis ii conducted throughoat in the most fioished and elegant manner. 
Both these works are remarkable for brevity and simplicity (quaUties 
which instructers will know how to prize) ; and we believe they will be 
found fully equal, if not superior, to any works now in use, for the pur- 
pose for which they were designed." — JV*. A. Meview,^ 

" As a text-book for such a course of instruction as is usually taught 
in our colleges, it [the 'Plane Trigonometry] seems to be superior to any 
before publbhed on that subject ; and if the projected course of elemen- 
tary treatises be carried out in the same spirit and style, there is no doubt 
they will be highly useful to both teachers and pupWa,'* -^ MatJiematical 
Miscellany, 

A Course of Natural Philosophy, designed for the Use of High 

Schools and Colleges. Compiled by Benjamin Peirce^ 

A. M., University Professor of Mathematics and Natural 

- Philosophy in Harvard University. To be cotnprised in five 

vols. 8vo. * 

I. Physical Theory of Mechanics. 

n. Sound, pp. 276. $ 1 50 

III. Light. 

IV. Electricity, Galvanism, Magnetism, and Electro-Magnet- 
ism. 

V. ' Physical Astronomy. 

Volume II. of this Course is now publbhed, and has been adopted as. a 
text-book in the University at Cambridge ; the remaining volumes will 
be issued as soon as practicable. 

" The author of this work is already advantageously known by his pre- 
vious publications in the mathematical department ; and the present work, 
which, (with more modesty than we commonly see at this day,) he says, 
makes * no claim to originality,' will add to that broad and deep founda- 
tion which he is now laying for a solid and lasting fame. 

«« At the beginning of the work is a very comprehensive list of writers 
upon Sound in general, as well as musical and other sounds, from the 
age of Aristotle to the present day, which has been prepared with vast 
labor and industry, and is, we believe, the most complete catalogue of th«^ 
kind extant in any language. This labor alone is of incalculable value to 
those persons who are desirous of pursuing the subject, to whom we take 
great pleasure in recommending a work so simple and intelligible, and, at 
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the same time, so thoroughly sdeotific." — Sclent^ and Literary 
Journal. 

" It is seldom that a book comes from the press tirhich is designed to 
meet a more urgent want of the community than tills second volume of a 
Course of Natural Philosophy. At a time when so many books, good and 
bad, are written, on every variety of subjects, and with particular adap- 
tation to the widely different classes of readers, — and especially when 
the overflowing supply of manuals used seems to leave nothing tp be 
wanted in the work of instruction, — it is a Ii{!le singular that there i» 
occasion for the remark that this volume fills a gap which no one before 
appears to have noticed, or, at any rate, to have endeavored to close. In 
elementary treatises prepared exclusively for the use of common schools, 
acoustics have been considered, in a simple manner, among the other 
branches of Natural Philosophy. But no work whatever has appeared, 
designed for the higher places of instruction, and presenting a full and 
accurate analysis of the principles of sound. There is some occasion, 
then, for congratulation that we have a really new book, and one which 
cannot be laid aside ; and since it is probably destined to be introduced 
into all our colleges, as it has already been into one, we are glad to know 
that it has been executed in such a manner as will leave little demand 
for another. 

*' Professor Peirce lays no claim to originality in this work. He tells us 
that he made Sir John Herschell's Treatise on Sound, written for the 
Encyclopaedia Metropolit'ana, the basis of his own book. In remodelling 
that work, he has consulted all the works on Sound of any consequence* 
as well as embodied the very important discoveries recently made by 
Faraday ; in a word, he has wrought a pleasing and symmetrical whole 
out of all the loose and scattered materials which relate to the subject. 
.The labor of such a task is immense, and it is no small praise to say*that 
it has been done accurately, and leaves nothing more to be desired. • 

••There is one subject connected with acoustics which is extremely 
difficult, and in which we think Professor Peirce has been remarkably 
successful ; the organs of the human voice. There have been very con- 
tradictory theories in regard to the peculiar service of each part of this 
complex structure. In Mr. Peirce's book it is shown how they may be 
reconciled. 

" An unusual degree of attention has been given, of late years, to mu- 
sic. We have almost come to admit it among the branches of popular 
education. In order that our colleges should keep at a suitable advance, 
means ought to be furnished for making an acquaintance with the princi- 
ples of sound, and every well educated man should consider it as a neces* 
sary accomplishment." — JV. Ji. Remew, 
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Mathematical Tables ; comprising Logarithms of Numbers, 
Logarithmic Sioes, Tangents, and Secants, Natural Sines, 
Meridional Parts, Difference of Latitude and Departure, 
Astronomical Refractions, &c. By S. P. Miles and T. 
Sherwin. Stereotype Edition. 8vo. pp. 88. $ 88 

** The tables comprised in this volume have been very carefully 
eompared with the best English and French tables ; and they will be 
found, it is believed, not inferior, in point of correctness, to any similar 
tables in use. Prefixed is a short introduction, explanatory, chiefly of the 
niethods of using them." — Advertisement. 

This work is used in Harvard University, and other colleges, and in 
the High School in Boston. 

Woolsey*s Greek Tragedies. 4 vols. 12mo. per vol. $ 50 
I. The Alcestis of Euripides, with Notes, for the Use of 
Colleges in the United States. By T. D. Woolsey, Pro- 
fessor of Greek in Yale College, pp. 132. 
Ih The Antigone of Sophocles, with Notes, &^. pp. 134. 

III. The Prometheus of -^schylus, with Notes, &c. pp. 98. 

IV. The Electra of Sophocles, with Notes, &c. pp. 142. 

This Course has been introduced into Harvard, Yale, Dartmouth, 
Bowdoin, &c. 
Of the Alcestis and the Antigone the JSTorth American Review says, 

** The form in which Mr. Woolsey has given these works to the public 
is neat and convenient ; and they are printed with Mr. Folsom's well 
known accuracy. The text of the Alcestis, selected by Mr. Woolsey, is 
that of William Dindorf, contained in the Poetae Scenici Graeci, pub- 
lished at Leipzig and London in 1830. . This text has received the appro- 
bation of Hermann, from whose judgment in such matters there lies no 
appeal. A well written preface contains a clear statement of the subject- 
matter ^of the play, with a critique on the several characters brought out 
in the development of the plot. A brief, but comprehensive view of the 
poetical genius of Euripides, in which his beauties are pointed out, and 
his faults touched upon, with a discriminating hand, gives additional in- 
terest to the volume. The body of notes at the end are remarkable for a 
union of deep learning, acute judgment, and fine taste. In discussions 
of the merits of dilferent readings, so far as he enters into them, Mr. 
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Woolsey exhibits a nicely balanced judgment that entitles his opinion to 
great respect In unravelling the moat curious constructions, his precis- 
ion and acuteness are admirable. Every Greek scholar feels how much 
the force and beauty of Greek composition depend on the skilful arrange- 
ment of a great variety of particles. In the explanation of these com- 
mentators have had but little success, as any one will see by looking into 
the common editions of Greek authors. But the exactness with which 
Mr. Woolsey renders single particles and combinations of particles by 
good Engtish equivalents is really surprising. Those who are wont to 
think the dead languages, as they are called, widely if not wholly di^r- 
ent from the living, will be astonished to see how nearly many of the 
most peculiar, and, at first view, untranslateable words and tumi of 
phrase are given in the homely but expressive idioms of our own Saxon 
tongue. 

" The preface aud commentary to Antigone are even more creditable 
to Mr. Woolsey's ability than those to Alcestis. The sketch of the poem, 
in the preface, is written with clearness and brevity. The difficulties in 
this play that call for a commentator's explanation are far more numerous 
than in the Alcestis. In Mr. Woolsey's commentaries on these number- 
less knotty passages, he puts them together in a more intelligible form« and 
shows a sharper perception of delicate shades of meaning, than we hare 
ever met with in explanations of any other edition whatever. , 

" We conclude this notice by a^ain expressing our satisfaction at the 
appearance of these works. They are not only honor-able to the taste and 
talent of Mr. Woolsey, but will bring reputation to the classical scholar- 
ship of our country. Among all the books of this kind, prepared either 
at home or in England, for students and private rea'ders, we are not ac- 
quainted with any which are equal to these in variety of merit.- Trol- 
lope's Pentalogia does not bear the sUghtest comparison with them, in 
copiousness, elegance, or value of the commentary. The series of trage- 
dies for schools and colleges, published by Valpy, and edited by Major 
and Brasse, are useful books on the whole ; but the notes are mostly dry 
verbal discussions, often showing a curiosafelicitas in misunderstanding 
the poetical spirit of the passages attempted to be illustrated. We are 
glad to learn that Professor Woolsey is at work on two more tragedies, 
the Prometheus Bound and the Electra. When these shall have been 
published, the lovers of classical literature will be provided with a senea 
of the master-pieces of the Attic drama, illustrated by the-blended light9 
of grammatical, philological, and historical learning, under the guidance 
of a discriminating judgment, and a ready sympathy with all that is beau- 
tiful in poetical inspiration, and sublime in moral sentiment. 
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Of the Prometheus and Electra the same. Reviewer speaks as follows : — 

" Professor Woolsey has now completed his proposed course of Greek 
Tragedies. We hope the reception of these admirable works among the 
teachers and scholars of our countr^i; will induce Mr. Woolsey to follow up 
the career he has so brilhantly entered upon. It is an uncommon thing in 
any country, for a mind of nice poetical sensibilities to be engaged in 
critical labors, or to have the neoessary patience in the acquisition of ex- 
act knowledge, to qualify it for isuch a task ; but so fortunate a conjunc- 
tion between profound and accurate learning and delicate taste, when it 
does take place; brings out something which men will not willingly let 
die." 

Latin Classics belonging to the Course of Study in Harvard 
University. 4 vols. 18mo. 

I. Plauti Captivi. pp. 52. $0 16 

II. Ciceronis de Officiis Libri tres. pp. 126. $ 33 

III. Ciceronis Brutus, sive de Claris Oratoribus. Edited by 
Charles Beck, Professor of Latin in the University at Cam- 
bridge. In press, 

IV. Medea, a Tragedy of Seneca. Edited by Charles Beck, 
Professor, fic-c. pp. 82. $ 30 

Hugo Grotius de Veritate Religionis Christians. Ciim Nota- 
lis Joannis Clerici. Accesserunt ejusdem de eligenda inter 
Christianos dissentientes Sententia, et contra Indifieren- 
tiam Religionum Libri duo, 12m6. pp. 404. $ 75 

Introduction to the Metres of Horace. By Charles Beck, Pro- 
fessor of Latin in Harvard University. 12mo. pp.20. $0 17 

duestions upon Adam's Roman Antiquities. For the Use of 
Students in Harvard College. ISmo. pp.68. $0.25 

Questions upon the Syntax of Zumpt's Latin Grammar. For 
the Use of the Students in Harvard College. 18mo.. pp. 
18. $ 17 

The Pronunqiation of the Latin Language. For the Use of 
Students in Harvard University. By George Otis, Professor 
of Latin in the University. 8vo. pp. 8. $ 06 



8 JAM£S MUNBqfi AND CO.'B PUBUGATIONS. 

A Complete Coarse of French Instruction, for the Use of Ccl^ 
leges and Schools. By F. M. J. Sorault, French Instrtic- 
ter in Harvard University and the English Classical School 

• in Boston. In 4 vojs. 12mo. 

I. An Easy Grammar of the French Language. 2d edition, 
pp. 310. $ 75 

II. New French Exercises, adapted to all French Grammars, 
but more particularly to that of the Author. 2d edition, 
pp. 120. $ 56 

III. French Fables, with a Key, and a Treatise on Pronunci- 
ation, for those who begin to read the French Language, 
pp. 272. $J) 83 

IV. French Questions' on Sir Walter Scott's Tales of a' 
Grandfather, for the Use of Learners who are beginning to 
speak the French Language, pp. 230. $ 67 

jidvertisetnent to French Questions. — ** To write and translate the 
French language are not considered of difficult attainment, but to speak it 
and to understand it when spoken are acconlplisbments not so generally 
possessed as they might be if learners ^ere ^ovided with suitable books. 
It has been the object of the writer of tfiese French Questions to supply 
in some measure this defect, of which all who are endeavoring to acquire 
the language feel the disadvantage. The numerous and interesting facts 
contained in the Tales of Sir Walter Scott suggest abundant topics of 
conversation, and the common objection of pupils, ' that they do not 
knew what to talk about, ' will, it is hoped, be obviated by this publica- 
tion. By the plan here pi:oposed they may ascertain, without embarrass- 
ment, the question put them by the teacher ; and the labor of casting 
about for ideas being spared them by the Narrative from which the 
answer is to be derived, they will be able to direct their whole attention 
to the right pronunciation and construction of the French." 

This Course is used in Harvard University, in the High School in 
Boston, and very extensively in other schools and academies in the United 
States. 
An Easy Grammar of the Italian Language, for the Use of 

Colleges and Schools. By F. M. J. Surault. 12mo. pp. 

284. «0 88 

This Grammar has long been the only one in the market, and is that 
which is generally in use with students of the Italian in the U. States. 
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Course of Study for the Italian Language, by Pietro Bachi, 
Italian Instructer in Harvard University. In 4 vols. 12mo. 

L Raccolta di Favole Morali ; or, A Collection of Italian 
Fables in Prose and Verse, selected from the Works of the 
best Italian Fabulists, with Interlinear Translations and 
Explanation of Idioms, pp. 168. $ 88 

II. Scelta di Prose Italiane ; or, Extracts from the Works of 
the best Italian Prose Writers, both Ancient and Modern, 
pp. 472. * 1 50 

ni. .Teatro Scelto Italiano ; or, A Selection of Italian Dra- 
mas, from the Works of Tasso, Metastasio, Goldoni, Maf- 
fei, and Alficri, with Notes, pp. 3^. $ 1 50 

IV. Conversazione Italiana ; or, A Collection of Phrases and 
Familiar Dialogues in Italian and English, pp. 240. 

90 88 

"^ Used in Harvard Uniyersity, and by students of the Italian generally 
throughout the United States. 

A Comparative View of the Spanish and Portuguese Lan- 
guages ; or, An Easy Method of learning the Portuguese 
Tongue for those who are already acquainted with the 
Spanish. By Pietro Bachi. 12mo. pp. 116. $0 56 

Fabqlas Literarias de Don Tomas de Iriarte. Nueva Edicion, 
afiadidas las Variantes de otras Ediciones, y nueve Fabulas 
postumas del mismo Autor. 18mo. pp. 118. $0 42 

Luther's German Version of the Gospel of St. John, with an 
Interlinear English Translation, for the Use of Students. 
By Charles Follen, Professor of the German Language and 
Literature in Harvard University. 12mo. pp. 172. $ 88 

« This Interlinear Translation of the Gospel of St. John is intended to 
assist those who wish to stud^ the German language, in the beginning of 
their course. 
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cal names being so classified, as to give .the student a general idea of the 
relative situation of the places which most frequently occur in ancient 
authors. 

'* Relying upon the opinion of the best judges, and his ox^n experience 
in teaching, as to the utiUty of studying the languages by means of well 
selected phrases, the author feels confident that a constant use of the 
PhriUt Book will be attended with the most beneficial results." — 
Prtffice. 

This work has been adopted into use in numerous schools in Boston, 
Cambridge, Philadelphia, and various other places* 

Conversational Phrases and Dialogues, in French and English. 
Compiled chie.fly from the 18th and last Paris Edition of 
Bellenger's Conversational Phrases, witl\ many Additions 
and Corrections. $ 33 

** Numerous publications have been made, both in France and other 
countries, with a view to facilitate the progress of the learner of the 
French language; and among these works, various collections of words,^ 
phrases, and dialogues have held an important place. Of all the publica- 
tions of this description, which have come under the notice of the compiler 
of this volume, none has appeared to be so systematic and philosophical 
in its plan, and, at the same time, containing so useful a selection of words 
and phrases, as the 'Original French work which is the iisisis of the present 
— Bellinger's Conversational Phrases — which was published not long 
ago in Paris, andJs now extensively used in France, where it has already 
passed through eighteen editions. It is intended particularly' for. the use 
of schools ; and is consequently elementary in its character. The sub- 
jects of the lessons are judiciously arranged undei* appropriate heads, and 
in a systematic order, well adapted to the gradual progress made by the 
younger as well as the more advanced student" — Pr^ace, 

Elementary Italian Course, by Pietro Bachi. In 2 vols. 16mo. 

I. Rudiments of the Italian Language ; ot * Easy Lessons in 
Spelling and Reading, with an Abridghti^ht of the Gram- 
mar ; adapted to the Capacity of Children, pp. 144. $ 56 

II. Mrs. Barbauld's Hymns for Children, in Italian ; being a 
Sequel to the " Easy Lessons '' in the above Rudiments. 
I^. 116. $0 56 
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